STUDY GUIDE OF CALCULUS 111

ABSTRACT. This Study Guide includes the important topics and problems that are featured in the
Tests and the Final of Calculus I1I. You are entitled to a reward of 2 points toward a Test if you
are the first person to report a mathematical mistake.

Remark. There are no choice questions in the Tests and Final. So when you review the choice
questions in the online homework, understand the correct answer and make sure you can answer
the question without all the choices being given.

CONTENTS

[Chapter 13. Functions of several variables|

[R13.1. Planes and surfaces|

[R13.2. Graphs and level curves|

[R13.3. Limit of a function of two variables|

[R13.4. Partial derivatives|

[13.5. Chain rule|

[13.6. Directional derivative and the gradient|

[R13.7. Tangent planes and linear approximation|

[313.8. Optimization problems|

[Chapter 14. Multiple integration|

[314.1. Double integrals over rectangular regions|

[314.2. Double integrals over general regions|

[14.3. Double integrals in polar coordinates|

[14.4. Triple integrals|

[14.5. Triple integrals in cylindrical and spherical coordinates|
[14.7. Change of variables|

[Chapter 15. Vector calculus|

[R15.1. Vector fields|

[R15.2. Line integrals|

[R15.3. Conservative vector fields|

[15.4. Green’s Theorem| 9
[15.5. Divergence and curl| 10
[§15.6. Surface integrals| 10
[15.7. Stokes” Theorem| 11
[315.8. Divergence Theorem| 11

© 00 00 ~J O OO O UL ULUU = b W Wk NN DN

CHAPTER 13. FUNCTIONS OF SEVERAL VARIABLES

(i). Compute the derivatives, including applications of chain rules and implicit differentiation.
(ii). Graph the six quadric surfaces in R?; draw the level curves and contour map on R?; derive
the equation of the tangent planes to these surfaces using partial derivatives.
(iii). Compute the limit of a function at a point if the point is in the domain of the function (and
therefore the limit exists); prove the limit does not exist by choosing two paths.
1
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(iv). Compute the directional derivative Dgf, where 4 is a unit directional vector and Dzf is a
rate of change; compute the gradient vector V f and use it to find the maximal and minimal
rates of change and the corresponding directions ., and Upy,.

(v). Use first-order partial derivative to find the linear approximation of a function.

(vi). Use first-order partial derivative to find the critical points and use second-order partial
derivatives to classify them as local maximum, local minimum, saddle points, or inconclusive.

§13.1. Planes and surfaces.

e Equations of planes in R3.

e Graphs of quadric surfaces through intercepts and traces: ellipsoid, elliptic paraboloid,
hyperboloid of one sheet, hyperboloid of two sheets, elliptic cone, and hyperbolic paraboloid.

e Important online questions: 2, 3, 9, 10, 12, 14, 17, 19.

§13.2. Graphs and level curves.

e Domain and range of a function f(z,y) with two independent variables x and y.
e Level curves and contour map of a function.
The contour maps consisting of the level curves are on the xy-plane, not in the xyz-
space!
e Important online questions: 1, 4, 5, 7.

§13.3. Limit of a function of two variables.
e If (a,b) is in the domain of the function f and f is continuous at (a,b), then

lim )f(x,y) = f(a,b).

(z,y)—(ab

The polynomial, rational, exponential, radical, trigonometric functions are all continuous
in their natural domains. This means that, if the point is in the domain of such a function,
then the limit of the function approaching the point is simply the function value at this
point.

e To prove

lim  f(x,y) does not exist,
(z,y)—(a,b)

one needs to construct two paths of (z,y) — (a,b) such that there are two distinct limits
along the two paths.
e Important online questions: 1, 4, 5, 7, 8.

§13.4. Partial derivatives.
e Compute the partial derivatives.
e Clairaut Theorem: fy, = fyz-
e Important online questions: 1, 5, 6, 10, 15.

§13.5. Chain rule.
e Chain rule with one independent variable: z = f(x,y), x = x(t), and y = y(t). Then
dz Ozdr Ozdy

d " ordi " dydt
e Chain rule with two independent variables: z = f(z,y), z = z(s,t), and y = y(s,t). Then
0z _0z0x 020y Oz _0z0x 020y

= and =

95 0z0s | 0yos o orot oyor

e Chain rule can be generalized to more independent variables.
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e Implicit differentiation: If F'(z,y, z) = 0, then
0z F, 0z F,
92 _ e g oty
or  F, % 9y T TR
Remember the minus sign in the above formulas!
e Important online questions: 3, 4, 7, 8, 13, 14.

§13.6. Directional derivative and the gradient.

e Let f = f(z,y) be differentiable at (a,b) and @ = (uy, us) be a unit vector in R?. Then the
directional derivative of f at (a,b) in the direction of 4 is

Dﬁf(aa b) = ulfx<a7 b) + u2fy(a7 b) = <fa:(a7 b)7 fy(a'7 b)) : <U1,U2> - Vf . ﬁ
The directional derivative is a scalar!
e The gradient of f at (a,b) is

Vf(aa b) = <f:t(a7 b)? fy(a’ b>> = fft(aa b);—{— fy(a> b);
The gradient is a vector and it is always orthogonal to the level curves of the function.
o Let f = f(x,y,2) be differentiable at (a,b,c) and @ = (uy, uz, uz) be a unit vector in R3.
Then the directional derivative of f at (a,b,c) in the direction of « is
Dﬁf(aa bu C) = <f:v<a7 bu C)7 fy(au b7 C>7 fZ(a’a b7 C>> ’ <u17 Uz, 'LL3> = vf ' 717

in which

Vf(a,bc) = (fola,b,c), f,(a,b,c), f-(a,b,¢)) = fula, b, e)i+ f,(a,b,¢)] + f-(a,b,c)k.
e At (a,b), the maximal directional derivative is achieved when the directional vector

. Vf(a,b)

umax )
IV f(a,b)|
and
Dﬁmaxf(a7 b) - |Vf(a’7 b>|7
while the minimal directional derivative is achieved when the directional vector
2 Viab)
min |Vf(a7b)|’
and
Dg,. f(a;b) = =V f(a,b)|.
Keep in mind that .y and Uy, are two (unit) directional vectors while Dy, f(a,b) and
Dy . f(a,b) are two scalars!
e If @ is parallel to V f, then Dzf = 0 and there is no change of the function in the direction
of u.
e Important online questions: 3, 5, 9, 10, 12, 15, 18, 21, 22.
§13.7. Tangent planes and linear approximation.

e The tangent plane to F'(z,y,2) =0 at (a, b, ¢) has the equation
F.(a,b,¢)(x —a) + Fy(a,b,c)(y —b) + F.(a,b,c)(z — c) = 0.
e The tangent plane to z = f(z,y) at (a,b, f(a,b)) has the equation
2= fala,0)(x = a) + fy(a,0)(y = b) + f(a,b).
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e Around the base point (a,b), the function f(z,y) can be approximated by the linear ap-
proximation

fla,y) = Lz,y) = fa(a,b)(x — a) + fy(a,b)(y — b) + f(a,b).
Keep in mind that the partial differentiation f, and f, here are evaluated at the base
point (a,b) and remember the term f(a,b).
e The total differential
dz = fi(a,b)dzx + f,(a,b)dy.
e Important online questions: 1, 2, 3, 4, 5, 8, 9, 13.

§13.8. Optimization problems.

(i).

(ii).
(iii).

e The critical points (a,b) of f(x,y) satisfies
fz(a,b) =0 and fy(a,b) =0.
e Second derivative test: Let D(z,y) = foefyy — fz,- Suppose that (a,b) is a critical point of

f
o If D(a,b) >0 and f,.(a,b) <0, then f has a local maximum value at (a,b);
o If D(a,b) >0 and f,.(a,b) > 0, then f has a local minimum value at (a, b);
o If D(a,b) <0, then f has a saddle point at (a, b);

o If D(a,b) =0, then the test is inconclusive.
e Find the absolute maximal and minimal values of a function f on a bounded domain R:
(1) Determine the values of f at all critical points in R;
(2) Find the maximum and minimal values of f on the boundary of R;
(3) The absolute maximal value is the greatest value in the above two steps, and the
absolute minimal value is the least value in the above two steps.
e Important online questions: 1, 3, 4, 9, 12, 18, 20.

CHAPTER 14. MULTIPLE INTEGRATION

//R F(o, ) dA,

where R is rectangular, y-simple, x-simple, polar rectangular, r-simple in polar coordinates.
In particular, use polar if the function f contains x? + > or the the domain R is a piece of
a disc.

The area of a region R in R* is [[, 1dA.

Evaluate triple integrals
J[ reav
D

where R is cubic, z-simple, y-simple, z-simple, in cylindrical coordinates (r, 0, z), in spherical
coordinates (p, ¢, ). In particular, use cylindrical if the function f contains x? + y?%; use
spherical is the function f contains z% + y? + 22 or the domain D is a piece of a ball.

Evaluate double integrals

. The volume of a solid D in R3 is ffD 1dV.

. The extra factor in polar and cylindrical is r; while the extra factor in spherical is p? sin .
. Use change of variables to evaluate double integral and remember the absolute value of the

Jacobian.
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§14.1. Double integrals over rectangular regions.
e If R is rectangular, i.e. R = le,d] ={(z,y)|a <x <bc<y<d}, then

/fxydA //fxydxdy—//fxydydm

If the region is rectangular, then one can change the order of integration freely as long as
one keeps the bounds of x and y correspondingly.
e Important online questions: 4, 7, 8, 14.

§14.2. Double integrals over general regions.
e If R is y-simple, i.e. R = {(z,y)|a <z <b, ¢ ( )<y<gg( )}, then

//fa:ydA //( Fesy) dydz.

If the region is y-simple, then do y-integration first!
o If R is z-simple, i.e. R={(x,y)|c <y <d,hi(y) <z < hy(y)}, then

ha(y)
//fxydA // f(z,y) dzdy.
hi(y)

If the region is x-simple, then do x-integration first!

e One can change the order of integration between y-simple and x-simple. Always sketch the
integrating region and find all the required information.

e The area of a region R in R? is

Area(R)://RldA.

e The volume of a solid in R3 above a region R in R? and is bounded above by z = hy(z, y)
and bounded below by z = hy(z,y) is

// By (2, 1) — halz, y)] dA.

e Important online questions: 9, 13, 15, 17, 18, 19.

§14.3. Double integrals in polar coordinates.
e If R is polar rectangular, i.e. R = {(r,0)|a <0 < 3,0 <a <r < b}, then

//fxydA //frcos@ rsin@)r drdf.

Remember the extra factor r; use polar coordinates if the integrating function f contains
22 +y?* or the integrating region R is a piece of a disc.
e If R is r-simple in polar coordinates, i.e. R = {(r,0) |a <0 < 5,0 < g1(0) <1 < ¢2(0)},

then
B rg20)
// f(z,y)dA :/ / f(rcosf,rsin@)rdrdb.
R a Jg1(0)

e Important online questions: 1, 2, 3, 5, 8, 12, 14.
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§14.4. Triple integrals.
e If D is cubic, i.e. D = [a,b] X [e,d] X [p,q] = {(z,y,2)|a <z <bec<y<dp<z<q}

then o
//Df(x’y’z)dvz/pq/clf(l",y,z)dxdydz:...

If the region is cubic, then one can change within the six orders of integration freely as
long as one keeps the bounds of x, y, and z correspondingly.
o If D is z-simple, i.e. D = {(z,y) | (z,y) € R, hi(x,y) < z < ho(z,y)}, then

ha ﬂﬁy)
// flx,y,2)dV = /// f(z,y,2) dzdA.
hi(z,y)

If the region is z-simple, then do z-integration first!
e There are also y-simple and x-simple regions.

e The volume of a solid D is
/// 14V,
D

e Important online questions: 4, 6, 9, 10.

§14.5. Triple integrals in cylindrical and spherical coordinates.
e If D={(r0,2)|a<0<B,0<a<r<bhi(rd) <z<hy(r0)}, then

ha(r,0)
// flz,y,2)dV = /// f(rcos@,rsind, z) dzr drdf.
hi(r,0)

Remember the extra factor r; use cylindrical coordinates if the integrating function f
contains x* + y? and cylindrical is simply polar plus the z-variable.
e In spherical coordinates, a point P in R? can be represented as P = (p, p, ).
o p is the distance from the origin to P, hence p > 0;
o  is the angle between the positive z-axis and the ray O7>7 hence, 0 < p < ;5
o 0 is the angle that measures the rotation with respect to the z-axis, hence, 0 < 0 < 27.
e If D is a spherical rectangle, i.e. D = {(p,,0)|a <0 < B,p < p <q,a < p<b}, then

B ra b
// flz,y,2)dV = / / / f(psinpcosf, psin psin b, pcos ) p? sin ¢ dpdpdd.
D « P a

Remember the extra factor p?sin o; use spherical coordinates if the integrating function
f contains x* + y* + 22 or the integration region is a piece of a ball.

o If D is p-simple in Spherical coordinates, i.e. D = {(p,p,0)|a < 0 < B,;p < ¢ <
q,hi(p,0) < p < hy(p,0)}, then

ha(p,0)
// flz,y,2)dV = /// f(psinpcosf, psin psin b, pcos ) p? sin @ dpdpdd.
ha(

1(p,0)
e Important online questions: 3, 4, 5, 10, 12.

§14.7. Change of variables.
o If v = z(u,v) and y = y(u,v), then

//f:cydA //f x(u,v) uv))’gg y;

dA,
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in which

(z,y)

Ox O
Zonil
is the Jacobian determinant. Keep in mind the extra factor is the absolute value of
the Jacobian determinant, and you need to find the correct integrating domain in (u,v).
e If you have u and v as functions of x and y, then you need to solve for z and y in order to
compute the Jacobian!
e Important online questions: 3, 6, 7, 12,

CHAPTER 15. VECTOR CALCULUS

Parametric equation of a curve is a vector function 7(¢).

(i). C:7(t) = {x(t),y(t)), where a <t < b, defines a curve in R? with an orientation.
(ii). C : 7(t) = (z(t),y(t), 2(t)), where a < t < b, defines a curve in R® with an orientation.

The arclength of C' is
b
/ |7 (t)| dt.

Important curves: straight line, circle, ellipse, helix, etc.

Two types of vector field: F' = (f(z,y),¢(z,y)) in R? and F = (f(z,y,2),9(z,y, 2), h(z,y, 2))
in R?. We can discuss two topics for both of them:
(iii). Is F conservative? There are several equivalent criteria. If it is, then find its potential
function ¢ such that Vi = F.
(iv). Evaluate the line integrals of F in the circulation form along a curve C-

/ﬁ~fds:/ﬁ-7’ds:/ﬁ~df.
C C C

Then we discuss the fundamental theory of calculus in R? and in R3, separately:

(vi). Fundamental theory of calculus for vector fields in R?: A closed curve C enclosing
a region R in R?, Green’s Theorem connects double integral in the interior and line
integral on the boundary.

o Circulation form:

7213- df':%cfdx—%gdy://]%(gx—fy) dA.

In the special case, when Fis conservative, g, = f, so 550 F.di=0.
o Flux form:

éﬁ-ﬁds:éfdy—gdxzﬂ{(fx+gy) dA.

(vil). Parametric equation of a surface S in R3:

(u,v) = (z(u,v),y(u,v), 2(u,v)), where (u,v) € R.

The area of S is
//msz//w;x?um
S R

Important surfaces: plane, cylinder, cone, sphere, paraboloid, etc.



8 STUDY GUIDE OF CALCULUS III

(viii). Fundamental theory of calculus for vector fields in R3. I: A closed curve C as
the boundary of a surface S in R3, Stokes’ Theorem connects flux surface integral of
the curl in the interior and circulation line integral of the vector field on the

boundary:
yfﬁ- dF://(Vxﬁ)-ﬁdS.
c S

(ix). Fundamental theory of calculus for vector fields in R3. IT: A closed surface S
enclosing a solid D in R3, Divergence Theorem connects triple integral of the divergence
in the interior and outward flux surface integral of the vector field on the

§15.1. Vector fields.

boundary:
//ﬁ.ﬁdsz// V.-EFdV.
s D
e A vector field in R?:

F(a,y) = (f(,9), 9(x,9)) = f(x,9)i + g(x,y)].
e A vector field in R?:
F(x,y,2) = (f(2,y,2), 9(x,, 2), h(z,y, 2)) = f(a,y,2)i + g(2,y,2)] + h(z,y, 2)k.
e Recall that the gradient vector field of p(z,y) is defined as
Vo = (po py) = ul + @4,
and the gradient vector field of p(z,y, z) is defined as

Vo = (pr; 0y, ) = Pol + @) + 02k,
e Important online questions: 4, 5, 6, 7, 10.

§15.2. Line integrals.
e A curve in R? is a vector function
F(t) = (x(t),y(t)) = x(t)i + y(t)] where a <t <b.

The above parametric form of the curve defines an orientation along the curve as the
direction when t increases from a to b.

e Parametrize straight line, circle, ellipse, etc.

e The line integral of a scalar functlon f(z,y) along a curve C'is

/fds—/ Fla(t), y(®) [T (1)) dt,

T(t) = (@), (1) and [T(1)] =/ (@(£)? + (¥ ()%
e The arclength of C'is ,
/ 7)) dt.

e The line integral of a vector field F = (f(x,y), g(x,y)) along a curve C has two forms:

in which
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o Circulation form:

/ﬁ-fds /ﬁ T ds = /F dr—/fdx—l—gdy
C C

- / (1), a(0)) - (& (1), (1) dt = / F)2(8) + g(t)y/ (1) dt.

o Flux form:

- / Pt (1) — g0y ()
e Important online questions: 1, 4, 5, 8, 14, 15.

§15.3. Conservative vector fields.
e The following statements are equivalent.
o A vector field F = (f, g) is conservative.
o F has a potential function, i.e. F= V for some scalar function ¢.
o [ F- di = p(B) — p(A) if C'is a curve from initial point A to terminal point B. That
is, the line integral from A to B of a conservative vector field is path independent.
o ¢, F- di =0if Cis a closed curve.

o fy = G, ie. curl F = 0 and F is irrotational.
e Find the potential function if a vector field is conservative.
e Important online questions: 1, 2, 3, 6, 10.
§15.4. Green’s Theorem.

e Green’s Theorem has two forms. Let C be a closed curve enclosing a region R in R?
o Circulation form:

éﬁ-d?z&éfc&#—gdy://}z(g

In the special case, when Fis conservative, g, = f, so 550 F-drf=0.

o Flux form:
%ﬁ-ﬁdszyﬁfdy—gdx:/ (f +g,) dA.
C C R

The key observation of Green’s Theorem is that the double integral in the interior
equals the line integral on the boundary.
e An application of Green’s Theorem is to use circulation to compute the area of R:

Area (R) ://RMA:yémdy: —ygcyda:: %yg(xdy—ydx).

e Important online questions: 10, 11, 13, 14, 15.
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§15.5. Divergence and curl.
e Let F' be a vector field in R3:
F(x,y,2) = (f(x,,2), 9(x,y, 2), h(w, 4, 2)) = f(2,y,2)i + g(x,y, 2)] + h(z,y, 2)k.
Then the divergence of Fis
af 0g Oh

dlvF:%—i—a—y—l—&:(@m,ay,@z)(f,g,h>:VF,

and the curl of F is

— — —

curl ' =10, 0, 0z|= @—@ 1+ 8_f_@ 1+ @—g 1=V xF.
dy 0z 0z Ox Jdxr Oy
fog h

The divergence is scalar and the curl is vector. If div F = 0, then F is incom-
pressible (i.e. source-free); if curl F = 0, then F is irrotational.
e The following statements are equivalent.
o A vector field F' = (f, g, h) is conservative.
o F has a potential function, i.e. F= Vi for some scalar function ¢.
o [, F- di = o(B) — ¢(A) if C'is a curve from initial point A to terminal point B. That
is, the line integral from A to B of a conservative vector field is path independent.
o ¢, F.di=0if Cis a closed curve.

o fy = 9s, [- = hg, and hy = g., i.e. curl F = 0 and F is irrotational.
e Find the potential function of a vector field if it is conservative.
e Show that the curl of a gradient vector field is zero, i.e. the vector field conservative:

curl (V) =V x (Vp) = 0.
e Show that the divergence of a curl is zero:
div (curl F) = V- (V x F) = 0.
e Important online questions: 4, 5, 10, 11.

§15.6. Surface integrals.
e A surface in R? is a vector function
Flu,v) = (x(u,v),y(u,v), 2(u,v)) = z(u,v)i + y(u,v)] + 2(u, v)k, where (u,v) € R.

e Parametrize plane, cylinder, cone, sphere, paraboloid, etc.
e The surface integral of a scalar function f(z,y, z) on a surface S is

dS = z(u,v), y(u, v), z(u, v)) |7 x 7' | dA,
/S I //R £ (), y(u, v), 2(u,0)) [T x 7|
%

in which
r ;(t) = (Ty, Yu, 20) and ?;(t) = (Ty, Yp, 20)-

e The area of S is
Area (S) = // 7! x 7! | dA.
R
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e The surface integral of a vector field F = (x(u, v), y(u,v), z(u,v)) on a surface S is

//FdS //F idS = // (2(u, v), y(u,v), z(u,v)) - (7, x ') dA.

Notice that one has to choose between 7 X 7 and ?’ X 7’ so that it is consistent

with the normal vector 1.
e Important online questions: 1, 2, 3, 6, 7, 9, 10, 15, 16.

§15.7. Stokes’ Theorem.

e Let S be a surface in R3 with boundary closed curve C and their orientations are consistent
by the right-hand rule. Then

56013- dF:/S(Vxﬁ)-ﬁdS<:/S(Vxﬁ)- dﬁ).

The key observation of Stokes’ Theorem is that the flux surface integral of the curl in
the interior equals circulation line integral of the vector field on the boundary.
Also keep in mind that the curve c : 7(t) = (x(t),y(t), z(t)) here is in R3.

e A special case when Fis conservative, i.e. V X F= 0, so the surface integral is always zero
and hence the circulation line integral of a conservative vector field along any closed curve
18 zero.

e Important online questions: 1, 2, 3, 4, 7, 8, 9.

§15.8. Divergence Theorem.
e Let S be a closed surface enclosing a solid region D in R3. Then

([ 7 as=) [[Foaas= ] v-Fav

The key observation of Divergence Theorem is that the triple integral of the divergence
in the interior equals outward flur surface integral of the vector field on the
boundary.

e A special case when Fis incompressible, i.e. V - F= 0, so the triple integral is always zero
and hence the flux surface integral of an incompressible vector field on any closed surface
1S Zero.

e Important online questions: 1, 3, 5, 8, 9, 10, 12, 14.
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