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The Magnetorheological fluid, as one of the smart materials, is the focus of many researches 
running nowadays and is getting to replace many materials in several commercial applica-
tions. This fluid is characterized by its ability to change from liquid into solid gel in few mil-
liseconds as a result of applying a magnetic field. 

This paper deals with a magnetorheological fluid embedded in an Aluminum sandwich beam 
to give the whole sandwich structure relevant controllability of various dynamic parameters 
such as natural frequencies, vibration amplitudes, and damping factors.  

The test MR sandwich beam was manufactured and tested experimentally with several Mag-
netic field levels. The experimental results are then compared with the finite element model 
results for various magnetic field levels. The finite element model which is derived here for 
the first time is the most suitable model for dealing with sandwich beam problems with its 
various parameters. 
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1. Introduction 
Magnetorheological (MR) fluids belong to the class of controllable fluids. The essential char-

acteristic of MR fluids is their ability to reversibly change from free-flowing, linear viscous liquids 
to semi-solids having controllable yield strength in milliseconds when exposed to a magnetic field. 
This yield stress increases with the applied magnetic field. This feature provides simple, quiet, and 
rapid response interfaces between electronic controls and mechanical systems  [1]. 

These fluids are suspensions of micron-sized magnetic particles in an appropriate carrier liq-
uid. There are different types of liquids which can be used as the carrier fluid i.e. hydrocarbon oils, 
mineral oils and silicon oils. Normally, MR fluids are free flowing liquids having a consistency 
similar to that of motor oil. However, in the presence of an applied magnetic field, the iron particles 
acquire a dipole moment aligned with the external field which causes particles to form linear chains 
parallel to the field. This phenomenon can solidify the suspended iron particles and restrict the fluid 
movement. 

 

1.1 Applications of MR fluids in adaptive sandwich beam structures 
Typically, MR adaptive structures are achieved by having MR material layers placed between 

solid metal or composite layers as shown in Figure  1.1. The dynamic response of the structure can 
be varied when different levels of magnetic field are applied over the MR layer, which in turn pro-
duces structures with variable stiffness and damping properties. These variations in the rheological 
properties of MR materials are fast (a few milliseconds) and reversible, in response to variations in 
applied magnetic field, and can manipulate the dynamic vibration responses of the composite 
quickly. By controlling the applied magnetic field, the vibration of adaptive structures can be mini-
mized for a broad range of external excitation frequencies. 

 
Figure  1.1: Three-layered adaptive beam configuration with MR material situated in the middle layer 

 
Yalcintas  [2] turned to the MR sandwich beam problem after making a performance compari-

son between ER (Electrorheological) and MR sandwich beams. From that study it was observed 
that both ER and MR adaptive structures show variations in their vibration responses when sub-
jected to electric field and magnetic field respectively. These variations were mainly a decrease in 
vibration amplitudes and loss factors, and an increase in the natural frequency when the elec-
tric/magnetic field is increased. However, variations were more significant for MR adaptive struc-
tures than for the ER adaptive structures. 

Yalcintas and Dai  [3], followed by  Sun et al.  [4], developed a theoretical model for the MR 
sandwich beam based on Hamilton’s principle and solved it for the case of Simply Supported beams 
to predict its vibration response. In addition, an MR adaptive beam structure was fabricated and 
tested in real time, and results were compared with the theoretical predictions.  

https://www.researchgate.net/publication/230907856_Vibration_suppression_capabilities_of_magnetorheological_materials_based_adaptive_structures?el=1_x_8&enrichId=rgreq-f15ff86f-17b5-4906-bb5b-02b96e85d7af&enrichSource=Y292ZXJQYWdlOzI3MDY1OTg5NztBUzoxODQzMzc2NzI3MTIxOTJAMTQyMDk2MDkzNDI4MA==
https://www.researchgate.net/publication/243365977_An_adaptive_beam_model_and_dynamic_characteristics_of_magnetorheological_materials_J_Sound_Vib?el=1_x_8&enrichId=rgreq-f15ff86f-17b5-4906-bb5b-02b96e85d7af&enrichSource=Y292ZXJQYWdlOzI3MDY1OTg5NztBUzoxODQzMzc2NzI3MTIxOTJAMTQyMDk2MDkzNDI4MA==
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Recently, V Lara-Prieto et al.  [5] fabricated MR beams with two different materials for com-
parison purposes. Diverse excitation methods were considered as well as a range of magnetic field 
intensities and configurations. Controllability of the beam’s vibration response was observed in the 
form of variations in vibration amplitudes and shifts in magnitudes of the resonant natural frequen-
cies. 

In this paper, the modelling of a Magnetorhelolgical (MR) sandwich beam structure using a 
higher order finite element method is presented for the first time. The computational results of the 
MR cantilever sandwich beam are compared with our experimental MR sandwich beam test results. 

1.2 MR material rheological properties 
According to MR rheological studies, the shear stress–shear strain relation is analyzed in two 

regimes as pre-yield and post-yield regimes. These behaviours are illustrated in Figure  1.2 
 

 
Figure  1.2: Shear stress –shear strain relationship for MR materials 

In the earlier studies, the MR pre-yield regime was modelled by a linear viscoelastic model, 
and the post-yield regime was modelled by the Bingham plastic model. Li et al.  [6] verified, 
through step-strain experiments, that the MR pre-yield behaviour is linearly viscoelastic up to 0.1% 
shear strain, and nonlinear above the 0.1% shear strain.  
In the three-layered sandwich beam configuration, the MR materials experience shear stress and 
shear strain that is confined in the pre-yield regime. Yalcintas  [7] determined that the shear strain 
experienced by the MR layer is then below 0.1%. Therefore, the linear viscoelastic theory is valid 
for the three-layered MR sandwich beam structure. 

2. Finite Element modelling of the Three-Layer sandwich beam 
In the following analysis we shall use Mead and Markus (MM) assumptions  [8]: 

• The transverse displacement (w) is the same for all the three layers. 
• Rotary inertia and shear deformations in the upper and lower elastic layer beams are 

negligible. 
• The Core layer has negligible bending stiffness and is subjected only to shear given by   

𝛾𝛾 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+ 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

  
• Linear theories of elasticity and viscoelasticity are valid. 
• No slip occurs between the layers, and there is perfect continuity at the interface. 
• All displacements are small. 

The beam deformations are shown in Figure  2.1. A fundamental assumption of the approach 
is that line B-C in the core layer remains straight after deformation, as shown by line 𝐵𝐵′ -𝐶𝐶′  in Fig-
ure  2.1. This, in effect, defines the axial displacement of any material position (x) inside the core as 
a linear interpolation of the displacements 𝜕𝜕1

′   and 𝜕𝜕3
′   at the surfaces of the face-sheets. 

https://www.researchgate.net/publication/231067196_Nonlinear_rheological_behavior_of_magnetorheological_fluids_Step-strain_experiments?el=1_x_8&enrichId=rgreq-f15ff86f-17b5-4906-bb5b-02b96e85d7af&enrichSource=Y292ZXJQYWdlOzI3MDY1OTg5NztBUzoxODQzMzc2NzI3MTIxOTJAMTQyMDk2MDkzNDI4MA==
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Figure  2.1: The undeformed (dashed line) and the deformed (Solid line) configurations of a three-layer 

sandwich beam under lateral loading 

It can be proved that the axial displacement and the shear strain of the MR layer are given by 
 [9]: 

𝜕𝜕2 = 𝜕𝜕1+ 𝜕𝜕3
2

+ ℎ1− ℎ3
4

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

      (1) 

𝛾𝛾𝜕𝜕𝜕𝜕 = 𝜕𝜕3− 𝜕𝜕1
ℎ2

+ 𝑑𝑑
ℎ2

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

       (2) 

where 𝑑𝑑 = ℎ1
2

+ ℎ2 +  ℎ3
2

 is the distance between the reference lines of the undeformed face-
sheets. 

Since the beam is assumed not subjected to longitudinal loading, the resultant of the longitu-
dinal normal forces must vanish, i.e., 

𝐸𝐸1𝐴𝐴1
𝜕𝜕𝜕𝜕1
𝜕𝜕𝜕𝜕

+ 𝐸𝐸3𝐴𝐴3
𝜕𝜕𝜕𝜕3
𝜕𝜕𝜕𝜕

= 0      (3) 
Integrating with respect to x and expressing u3 in terms of u1, we have 

𝜕𝜕3 = −𝑒𝑒𝜕𝜕1       (4) 
where  𝑒𝑒 = 𝐸𝐸𝟏𝟏𝐴𝐴𝟏𝟏

𝐸𝐸𝟑𝟑𝐴𝐴𝟑𝟑
 

Hence,    𝜕𝜕2 =  (1−𝑒𝑒)
2

𝜕𝜕1 + (ℎ3−ℎ1)
4

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

      (5) 
and 

𝛾𝛾𝜕𝜕𝜕𝜕 = − (1+𝑒𝑒)
ℎ2

𝜕𝜕1 + 𝑑𝑑
ℎ2
�𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�      (6) 

For simplicity, we will use “𝜕𝜕” instead of “𝜕𝜕1”. 

2.1 Development of the equations of motion 
The equations of motion in this investigation are developed using Hamilton’s principle: 

𝛿𝛿 �∫ (𝑇𝑇 − 𝑈𝑈 − 𝑉𝑉)𝑑𝑑𝑑𝑑𝑑𝑑2
𝑑𝑑1 � = 0      (7) 

where T is the kinetic energy, U is the strain energy, and V is the work done by external 
forces. 

By taking the first variation, then integrating by parts with respect to time (t1 and t2 are arbi-
trary), we get the weak form of Hamilton’s principle, which is used for deriving the finite element 
equations of the system. 

In order to compare the experimental results with the computational ones we must take into 
consideration the presence of an Aluminium frame in the mid-layer that acts as a spacer and sealant 
for the MR fluid in the test sandwich beam.  
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The actual cross-section of the sandwich structure is as shown in Figure  2.2 

 
Figure  2.2: The real cross section for both the experimental test sandwich beam and the finite element model 

We may write the total strain and kinetic energies of the MR sandwich beam for similar upper 
and lower layers as: 

𝑈𝑈 = 1
2
𝐸𝐸1𝐴𝐴1 ∫ �𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
�

2𝐿𝐿
0 𝑑𝑑𝜕𝜕 + 1

2
𝐸𝐸1𝐼𝐼1 ∫ �𝜕𝜕

2𝜕𝜕
𝜕𝜕𝜕𝜕2�

2𝐿𝐿
0 𝑑𝑑𝜕𝜕 + 1

2
𝐺𝐺2𝐴𝐴2  ∫ [−  2

ℎ2
 𝜕𝜕 + 𝑑𝑑

ℎ2
 (𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

)]2𝐿𝐿
0 𝑑𝑑𝜕𝜕       (8) 

      

𝑇𝑇 = 1
2
𝜌𝜌1𝐴𝐴1 ∫ �𝜕𝜕𝜕𝜕

𝜕𝜕𝑑𝑑
�

2
𝑑𝑑𝜕𝜕𝐿𝐿

0 + 1
2

(𝜌𝜌1𝐴𝐴1 + 𝜌𝜌2𝐴𝐴2)∫ �𝜕𝜕𝜕𝜕
𝜕𝜕𝑑𝑑
�

2
𝑑𝑑𝜕𝜕𝐿𝐿

0     (9) 

where 𝐴𝐴1 = 𝑏𝑏1ℎ𝑑𝑑 − 𝑏𝑏2ℎ2,      𝐴𝐴2 = 𝑏𝑏2ℎ2,  𝐼𝐼1 = 𝑏𝑏1ℎ𝑑𝑑3

12
− 𝑏𝑏2ℎ2

3

12
,       and 𝑑𝑑 = 2 × ℎ2 

𝜌𝜌1 and 𝐸𝐸1 are the density and the modulus of elasticity of the elastic layers (Aluminium), 
while 𝜌𝜌2 is the density of the MR core layer and 𝐺𝐺2 is its complex shear modulus, given for the used 
MR fluid by: 

𝐺𝐺2(𝐵𝐵) = 𝐺𝐺′(𝐵𝐵) + 𝐺𝐺"(𝐵𝐵) 𝑖𝑖     (10) 
where: 𝐺𝐺′(𝐵𝐵) = 3.11 × 10−7𝐵𝐵2 + 3.56 × 10−4 𝐵𝐵 + 5.78 × 10−1, 
𝐺𝐺"(𝐵𝐵) = 3.47 × 10−9𝐵𝐵2 + 3.85 × 10−6𝐵𝐵 + 6.31 × 10−3, (for Sun’s model [4]) 

Or, 𝐺𝐺2(𝐵𝐵) = (1.25 ×  103  +  𝑖𝑖1.375 ×  101)𝐵𝐵   (11) 
with the value of G2 with no applied magnetic field assumed as:     

 𝐺𝐺2(0) = (0.6125 +  𝑖𝑖0.0067375) MPa (for Yalcintas’ model  [3]). 
where 𝐵𝐵 (Oersted) is the value of magnetic induction. 

2.2 Finite Element Shape Functions 
In this paper, different beam models are used with different numbers of nodes as shown in 

Figure  2.3. The interpolation functions used are regular polynomials. 
 

 
Figure  2.3: The proposed 2-node, 3-node, and 4-node sandwich beam elements with three degrees of free-

dom per node 

The polynomial shape functions for the longitudinal displacement 𝜕𝜕(𝜕𝜕) and the transverse de-
flection 𝜕𝜕(𝜕𝜕) are: 

𝜕𝜕(𝜕𝜕) = ∑ 𝑎𝑎𝑖𝑖𝜕𝜕𝑖𝑖𝑛𝑛
0                            0 ≤  𝜕𝜕 ≤  𝐿𝐿     (12) 

𝜕𝜕(𝜕𝜕) = ∑ 𝑐𝑐𝑖𝑖𝜕𝜕𝑖𝑖2𝑛𝑛
0                          0 ≤  𝜕𝜕 ≤  𝐿𝐿     (13) 

where n  is the number of nodes in the element. 

2.3 Finite element model 
According to the normal procedure of the finite element method that could be found in any fi-

nite element textbook, we can rewrite the shape functions in the form: 
𝜕𝜕(𝜕𝜕) = ⌊𝑁𝑁𝜕𝜕⌋{δ𝜕𝜕}       (14) 
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𝜕𝜕(𝜕𝜕) = ⌊𝑁𝑁𝜕𝜕⌋{δ𝜕𝜕}       (15) 
where  {δ𝜕𝜕} = {𝜕𝜕1 𝜕𝜕2 … 𝜕𝜕𝑛𝑛}𝑇𝑇  

and {δ𝜕𝜕} = {𝜕𝜕1 𝜃𝜃1 𝜕𝜕2 𝜃𝜃2 … 𝜕𝜕𝑛𝑛 𝜃𝜃𝑛𝑛}𝑇𝑇  
Thus the element matrices may be written as: 

 𝑈𝑈 = 1
2

 {𝛿𝛿}𝑇𝑇[𝐾𝐾]{𝛿𝛿}       (16) 

where [𝐾𝐾] = [𝐾𝐾𝜕𝜕 ] + [𝐾𝐾𝜕𝜕 ] + [𝐾𝐾𝛾𝛾 ],    [𝐾𝐾𝜕𝜕 ] = 𝐸𝐸1𝐴𝐴1 ∫ {𝑁𝑁𝜕𝜕𝜕𝜕 }�𝑁𝑁𝜕𝜕𝜕𝜕 �
𝐿𝐿

0 𝑑𝑑𝜕𝜕, 
[𝐾𝐾𝜕𝜕 ] = 𝐸𝐸1𝐼𝐼1 ∫ {𝑁𝑁𝜕𝜕𝜕𝜕𝜕𝜕 }�𝑁𝑁𝜕𝜕𝜕𝜕𝜕𝜕 �

𝐿𝐿
0 𝑑𝑑𝜕𝜕,    [𝐾𝐾𝛾𝛾 ] = 𝐺𝐺2𝐴𝐴2 ∫ {𝑁𝑁𝛾𝛾}�𝑁𝑁𝛾𝛾� 

𝐿𝐿
0 𝑑𝑑𝜕𝜕 

and  �𝑁𝑁𝛾𝛾� = [− 2
ℎ2
⌊𝑁𝑁𝜕𝜕⌋ + 𝑑𝑑

ℎ2
�𝑁𝑁𝜕𝜕𝜕𝜕 �] 

 
𝑇𝑇 = 1

2
{𝛿𝛿}𝑇𝑇[𝑀𝑀]{𝛿𝛿}      (17) 

where [𝑀𝑀] = [𝑀𝑀𝜕𝜕 ] + [𝑀𝑀𝜕𝜕 ],  [𝑀𝑀𝜕𝜕 ] = 𝜌𝜌1𝐴𝐴1 ∫ {𝑁𝑁𝜕𝜕}⌊𝑁𝑁𝜕𝜕⌋
𝐿𝐿

0 𝑑𝑑𝜕𝜕, 
[𝑀𝑀𝜕𝜕 ] = (𝜌𝜌1𝐴𝐴1 + 𝜌𝜌2𝐴𝐴2)∫ {𝑁𝑁𝜕𝜕}⌊𝑁𝑁𝜕𝜕⌋

𝐿𝐿
0 𝑑𝑑𝜕𝜕 

 
Finally, the element equation of motion becomes: 

[𝑀𝑀]��̈�𝑈� + [𝐾𝐾]{𝑈𝑈} = {𝐹𝐹}      (18) 
{𝐹𝐹} is the external load vector, and will be set to zero during the free vibration analysis. 
 

A general MATLAB code for any-order element was developed to calculate the global mass 
and stiffness matrices for the MR sandwich beam, and hence calculate the natural frequencies and 
the loss factors for the MR sandwich beam for various beam boundary conditions. The code was 
verified by comparing its results with the published analytical results for the case of SS-SS MR 
sandwich beam. The finite element method showed high accuracy with only a small number of ele-
ments, especially when using the higher order elements. 

3. Experimental Model 
The MR fluid was manufactured according to the recipe of Dr. David Carlson  [10]. This fluid 

has the maximum yield strength and magnetic properties that are similar to the RheoneticTM MRF-
122-2ED magnetorheological fluid produced commercially by Lord Corporation.  

The sandwich beam was then manufactured; it is composed of upper and lower Aluminium 
layers and the MR fluid filled the mid-layer Aluminium cavity which acts as a spacer and sealant. 
The dimensions of the MR sandwich beam are as follows: 30 cm length, 2 cm width and 3 mm 
thickness (each layer is 1 mm thick). The MR fluid layer width is 12 mm because the mid-layer 
Aluminium frame width is 4 mm on each side of the MR fluid. The layers were adhered to each 
other using a high strength Epoxy adhesive, See Figure  3.1 

 

 
Figure  3.1: Making the MR sandwich beam: the MR fluid filling the Mid-layer cavity 

The sandwich beam was then clamped properly to a fixed stand on the test bed. The test bed 
was designed to prevent any external vibrations from reaching the test structure. Hence, the end 
support of the cantilever is necessarily a fixed end. 

A stand that carries the permanent magnetic poles was designed and manufactured. The mag-
nets stand allows for changing the distance between both the magnetic poles and the sandwich beam 
in order to change the magnetic field level. 
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The generated magnetic field from the permanent magnetic poles was measured using an 
American Gauss/Tesla meter “F.W. Bell” model 5080 for different distances between the magnetic 
poles. 

Because the used transducers have significant height that would hinder the magnetic poles 
from approaching the MR sandwich beam, we selected a point 2 cm from the beam tip to attach the 
shaker and the force transducer. We also selected the beam tip to be the point where the acceler-
ometer is attached. The tip thus shows the peak of the first natural frequency clearly in the fre-
quency response plot. 

 

 
Figure  3.2: the whole test configuration 

4. Comparison of results and Conclusions 
The experimental MR sandwich beam test specimen was dynamically tested using Pseudo 

Random excitation which is a fast excitation technique, causes no leakage problems, and does not 
need any special kind of weighting. The test was done for no magnetic poles placed, 21 mm and 11 
mm spacing between the magnetic poles. This corresponds to zero, 500 Gauss, 1000 Gauss mag-
netic field strengths. The frequency range of the test was 0-100 Hz. The measured FRFs were then 
transferred from a B&K 3550 Analyzer or Multichannel Analysis system to Test.Lab Modal Analy-
sis software that could obtain the modal parameters (Mainly natural frequencies and loss factors) of 
the measured frequency response. 

We also calculated the frequency response of the cantilevered MR sandwich beam using our 
MATLAB code with the proposed Finite element model after inserting all the problem’s inputs. For 
the sake of accuracy, the results were obtained using 10 three-node elements. 

The graphs in Figure  4.1 below show the first natural frequency for both the experimental and 
the computational finite element models for the three magnetic field cases. Table  4-1 gives the nu-
merical values of the natural frequencies and the damping loss factors of both models. 

It is seen that the Finite element model, which is based on the only available model for the 
MR fluid in the pre-yield region presented in  [3] and  [4], underestimates the damping loss factor of 
the MR sandwich beam. Second, it overestimates the natural frequency values with an applied mag-
netic field. This means that the used finite element model overestimates the stiffening effect and 
underestimates the damping effect of the MR fluid. 
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Figure  4.1: The first natural frequency of the MR sandwich beam (Left: FE model, Right: Experimental 

model) 

Table  4-1: Comparison between the Experimental and FE models' results 

 Finite Element Model Experimental Model 
1st Natural Freq. (Hz) Damping Loss Factor 1st Natural Freq. (Hz) Damping Loss Factor 

No Mag. Field 17.3068 0. 290 % 19 5.26 % 
500 Gauss 18.2077 0. 310 % 18.25 6.82 % 
1000 Gauss 19.2859 0. 317 % 16.75 13 % 

 
On the other hand, the above experimental results predict a decrease in the natural frequency 

as the applied magnetic field increases, which mean that the damping effect of the common MR 
fluid is higher than its stiffening effect. These experimental results are consistent with Lara-Prieto 
recent results  [5].  

This study reveals the need for more adequate modelling of the MR fluid which properly 
represents both its damping and stiffening effects. 
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