Transient CFD

Transient CFD

Larry Caretto
Mechanical Engineering 692

Computational Fluid Dynamics

April 21, 2010

Northridge

April 21, 2010

Introduction

¢ Schedule for last two weeks of
semester

* Review transient conduction

» Density-based approaches to transient
CFD

* Pressure-based approaches to transient
CFD

» Fluent options for transient CFD

Northridge

Remainder of Course

* April 26-28: Non-uniform grids
* May 3-5: Student presentations

— Have a total of 150 minutes of class time
for 14 students

— Will accept volunteers for May 3 or draw
names out of a hat to balance the
presentations

Northridge

Review Conduction Equation

* Apply difference formulas derived
for ordinary derivatives to partial
derivatives

* Grids x; = x, + iAtand t, = t, + nAt

« Try finite difference expressions
below to get explicit finite- {aT T }"

difference equation o—
q a Yo
n n+l -n 2 " -n n_ -n
TP T =T oany and 01 = Tat T =210, oy
ot|; At OX |, (AX)”
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Explicit (FTCS) Method

* Method just derived is called explicit
method; can solve one equation at a time

n+l_ aAt n n _ n n _ n
T = (A% (Tm ‘*’TH)‘*' 1 (Tm j-_rljzt(_l - fT,
. aAt |
(A7

__________

+ T does not depend on other T values
at the new time step (n+1)
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Nnrliﬁ'i(lge

ME 692 — Computational Fluid Dynamics

Stability of Explicit Method

If the values of T;,, and T, are fixed an

increase in T;" should increase T,"*'

* If fis greater than 0.5, an increase in T
will cause a decrease in T

* We can avoid this incorrect result by
keeping f = aAt/(Ax)? < 0.5

» This imposes a time step limit that may

be less than the limit required for

accuracy in the solution

Tin+1 = f(Ti:l_l +TiEl )+ (1—2 f )Tin 6

Calbiforni State University
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Transient CFD

Crank-Nicholson Method

» Seek more accurate time derivative

* Provides implicit method
— Value of T"*' depends on T"*' and T;™!

— More work per step, but can take longer
time steps with this method

— Apply to diffusion equation at time n + 1/2

1
51— 'HE T,n“ —T,n -I-_n+l _-I-_n 62T "*E
—|  =—"——+0[(A)’ ]=——+O[(A)]=a—
atl, At [(AD)7] Al [(AD7] o |
California State University ;
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Crank-Nicholson Equations

» Consider case where boundary
temperatures T, and T are specified

* Rewrite equations in matrix form to
show tridiagonal structure f = aAt/(AX)?

[20-1) —f 0 0 - 0 o T R+ |
-f 2-f) ~f 0 0 0 T R?
0 -f  20-f) -f 0 0 [T R?
0 0 - 20-f) 0 0 L= :
0 0 0 0 C2t-f)  —f T R
0 0 0 0 - —f  20-f)| T |Rp,+ T

Ksipies RY = [0 4T 20 - DT 2 1
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Crank Nicholson Results

* Resultsfora=1,L=1, Ax=0.01, At =
0.0005, f = aAt/(Ax)?2 =5

i=0 i=1 i=2 i=3 i=4
x=0 | x=.01|x=.02 | x=.03 | x=.04

t=0 1000 1000 1000 1000 1000

n=0 t=0+ 0 1000 1000 1000 1000
n=1 | t=0.0005 0 -73.35 | 423.96 | 690.85 | 834.09
n=2 | t=0.001 0 352.75 | 305.27 | 440.73 | 599.81
n=3 |t=0.0015 0 25.7 | 320.81 | 439.19 | 533.34
n=4 | t=0.002 0 203.86 | 209.57 | 347.52 | 473.02
n=5 | t=0.0025 0 56.79 | 252.91 | 334.12 | 422.43
n=6 | t=0.003 0 141.46 | 177.47 | 298.2 | 397.48

Northridge 9

Crank Nicholson Results Il

i=0 i=1 i=2 i=3 i=4
x=.01|x=.02 | x=.03 | x=.04
60.65 117 | 177.71 | 234.21
56.86 | 116.5 | 171.59 | 228.43
57.1 | 111.53 | 168.52 | 222.53
54.43 | 110.47 | 163.53 | 217.57
54.19 | 106.68 | 160.64 | 212.45
52.22 | 105.35 | 156.49 | 208.11
51.73 | 102.36 | 153.78 | 203.64
50.21 | 100.93 | 150.27 | 199.78
50.43 | 100.66 | 150.48 | 199.72
0.216 | 0.272 | 0.212 | 0.061

n=18 | t=0.009
n=19 | t=0.0095
n=20 | t=0.01

n=21 | t=0.0105
n=22 | t=0.011

n=23 | t=0.0115
n=24 | t=0.012
n=25 | t=0.0125
Exact | t=0.0125
Error | t=0.0125

Oo|lo|lo|jo|o|jo|o|o|o|o
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Fully Implicit Method

+ Discretize diffusion equation at t,,

n+l

n+ n+l _n 2 n+l n+l _ pn+l
AT T oan and 21 = Ta +Ta 22100 oraxy
ot t x|, (Ax)”
n+l 2 ™1 ntl _n n+l N+l A0l
% - ZX LA - LA +I£1)2 T ol(an, (8] =
X
1 i

— T+ A+ 26T - T =T

i+l

« Tridiagonal system of equations

* Almost same work as CN and no
spurious oscillations, but less accuracy

Calbiforni State University 11
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DuFort Frankel

» Rearrange and introduce f = aAt/(Ax)?

Tim] 7TirH = (2;32 (Tizl +T:1 7Tim] 7Tin71): 2f (Tizl +Tiil 7Tin+1 -7

(26T =T (=2 )+ 2 £ (T7, +T7)
» Result is explicit for values at time n+1

» Explicit start required to get first set of
values at time n-1

Calbiforni State University 12
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Error in Explicit Solution of Conduction Equation Error in Crank-Nicholson Solution of Conduction
1.E-02 ECIU On
\/\/ 1E01 // / / I
1.E-03 1E-02
J
CuE 1E04 v 5 1E-03 s
“S’ \/ ——Nx =10 o ——Nx = 10
=1 Nx =20 2 1E04 Nx =20
g e Thermal \ =80 E J\l —Ni:sn
= = Nx =100 X =
5 0[:?;5:;“({:11) \ — =200 E e Thermal _:":;gg
S 1506 H T(x,0) = 1000 Nx =500 g Diffusity =1 —— Nx = 500
[ T(Fo;‘[{)1 :'I';rn(’\l;ti:‘lo X% Nx = 1000 [ D;‘i“;‘({:n J Nx = 1000)
T(x,0) = 1000
1.E-07 o LEo7 T(S‘li:-.—T(L‘IEj 0
Minimun
1E08 error for 1E08
0.001 0.01 01 1 f=1/6 0.0001 0.001 0.01 0.1 1 10 100 1000
f = aAU/(AX)? - 1= aat/(ax)’
Error in Fully Implicit Solution of Conduction Equation Error in DuFort Frankel Solution of Conduction
B 1 Leor Equation
At constant f
At (AX )2 1E-02
01 / 2 _ 2 > s
At
& 7 // / / 1 (ax) < rem
g | % 1E04 — N =20
g. g. — Nx =50
ﬁ 0.001 E 1E05 — :i:gg
2 (9] Nx =500
. » hema 1 T 0 V/ hermal o= 1000
piffusiviy =1~ At constant A \ J fluswy >
0.0001 _ 0 :(:xxo)i (1|B;01) f (AX )2 J 0_:(;;;; ;;01)
TOH=TLY=0 72 = 1 > Lo TON=TCH=0
L _EndTime=1
0.00001 1 (AXZ ) 1E-08
00001 0001 001 0.1 1 10 100 1000 10000 100000 0.0001 0.001 001 01 1 10 100 1000
= aAt/(Ax)° = aAt/(Ax)®
RMS Temperature Error by Execution Time HH
P von Neumann Stability
1E+03 )
] + Examines stability due to differential
S
o |2 e equation alone
S » Based on idea that numerical time
- PORA —_— integration is a series of finite-difference
% 1E02 m Explicit 1 1
LT e e, oquations that may diverge
2 1Em,Wy - + Seeks conditions for which equations
H . .
reon %2_: will or will not converge
* .
i) SR >/ — Determine growth factor G = absolute
L)
1e07 hd o value of (error at t + At) / (error at t)
e o0 conque L
1608 —Want G < 1 for stability
1E02 1E01 1.E+00 1E+01 1E+02 1.E+03 1E+04 1.E+05
Execution Time (seconds)
18
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von Neumann Results

» Explicit (FTCS) method
1-4f sinz(ﬂmxj
2

-G<1iff<0.5
* Crank-Nicholson method Unconditionally

1_2f SiHZ(IBmX\J stable
2

1+2f sinz(ﬂmx)
2

<1

Gz‘e‘m‘:

aAt < l

G:

e
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ou ou
Convection Equation a "o

¢ Lax’s Method is stable if the Courant
number, N = CAX/At < 1

o) ey, )

=0

u

G =[e*| =/[1+(N& -1)sin* (8, 0] <1

20
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Calbifornia State University
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Transient Convection Diffusion
%, .0 _, 0
ot X ox?

« Stability of FTCS algorithm

n+l "_lLAt no_4n LAI n no_ n
¢k —¢k 2 AX (¢k+l ¢k—1)+(AX)2 (¢k+l+¢k71 2¢k)

G =1—2%(l—cosﬂmx)—i%sinﬂmx
« Stability requires cAt/Ax < 1, aAt/(AX), <

0.5 and Pe_,, = cAx/a < 2
— Last equation is limit for central difference

Cabtfornia State |‘:II|1Y-'.-
Northridge
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Density-based Solvers

» Typically used for compressible flows in
aerodynamics calculations

* Split stress term, o;;, into sum of pressure
and viscous stress, 1; = o;; + P§;

ou, 0u; 2
:/{ : +l:i+(’(_3/u)A§ij

T
! ox; o

o, +7apuiuj :—@+%+pB.
ot X, ox;  oX !

Cabtfornia State |‘:II|1Y-'.- 22
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Density-based Solvers |l

+ Equation without summation convention
Opu; GOpuu; Opvu; OpwWu;
. + + +
General o o o pe

direction j
equation __ 0P 9% 0% 0%y g
ox; ox oy oz X
« x-direction aﬂ+w+
' X
equation
a(pvu - 7'-yx) 5(qu - sz)
+ = pr
P 5y oz
Northridge »

Density-based Solvers ||

 Cast continuity, momentum, total
energy, and species balance into form
of vector equation
oU oE oF oG
+—+—+ =H

o ox oy o

» Each conservation equation is one
component of the vector equation

» Get components by reviewing equations

Caldforrsi Sate University 24
Northridge
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Density-based Solvers IV Density-based Solvers V
oU OE oF oG oU OE oF oG
—+—+—+—=H —+—+—+—=H
o4 ox oy oz o ox oy oz
T ] Y] [ 0 1 [h] I pu 1 Te
pu U2 pr h2 pul+p—17, €
_ o _|U;, _ PB _Ih _ PV =17, _|&
V= 2 IV pBi |h : NU—T,, e
ple+V?/2)| |U, p(UB, +VB, +WB,)| |h; ulp(e+V?/2)+ pl-uz, —Vr, —Wr, +0, | |€
PN |Us | L rt 1 Lhe] L PUW ) 4 5 1 L&
Northridge ® Northridge ®
Density-based Solvers VI Density-based Solvers VII
oU OE oF oG oU OE oF oG
—+—+—+—=H +—+—+—=H
ot ox oy oz ot ox oy oz
m Rl o 1 la]
PV = ‘[yx f2 PUW =T, 9,
Fo PW+Pp-T, _ f, G W T, |9
PW T, f, OWW + P =T, 9,
V[p(e+vz/2)+p]_UTyx_VTyy_WTyz+qy f5 W[p(e+V2/2)+ p]—UTZX—VTZy—WTZZJqu 95
i VW 4 jEO 1 L] oW KO 4 IO | O |
Northridge 7 Northridge 28
Density-based Solvers V| Density-based Solvers IX
o OE oOF oG p=U,
—+—+—+—=
at ox oy u=2
» Compute vectors E, F, G, and H from U,
flow variables and use numerical v
integration over time step to get U U,
» Update flow variables from components W= Y,
of U vector, U,. U,
— These are not velocity components e= &_ 1 (U 2 U+U 2)
2 2 3 4
— Details next chart U, 2uU,
Northridge ® Northridge U, *
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Density-based Solvers X

» Density-based solvers traditionally used
for compressible flows
— Not accurate for low Mach numbers

— Fluent uses a transformation to allow
density based solvers for low Mach
number flows

» Density-based solvers can be implicit or
explicit
— Implicit allows longer time steps while

preserving stability at higher Courant
numbers

31

Calbifornia State University
Northridge

Pressure-based Solvers

» Modify solvers such as those based on
SIMPLE to handle transient flows

— Steady equations used previously
apu  opv
ox oy
p
6puu+8pvu d P, 0 6u 0 au LW

=0

OX oy OX 6x OX 8y ay
6puv+6pvv _@ g @ 0 ov LW
OX

o o oty

Cabifornia State University
Northridge
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Pressure-based Solvers Il

¢ Transient two-dimensional flow

equations
— Have to convert time derivative into finite
volume form
6&4_ opu N opVv -0
ot 0Ox oy
6pu+6puu+apvu __@+g ou 0 ou L5

a oy xx yty
6ﬂ+6puv+6pvv oP Q @+gﬂav+sm
a  ox oy oy ax ox oy oy

Cabtfornia State |‘:II|1Y-'.- 33
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Pressure-based Solvers |l

* Integration over volume and time

Xw = Xig Xo = Xiag Xp =X Xe = Xir1/2 Xe= Xi+q
t+At
| j PP gyt + j j (a”“‘” apdeth -
AVt oAt AVt X 6y
J j (6 % K a¢+5“’”]dth
N BX OX 8y oy

t+At

.[ .[ a§t¢ dvdt ~ [(p¢)Pt+At ,0¢ pt]AV

AVt

Cabtfornia State |‘:II|1Y-'.- 34
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Pressure-based Solvers IV

* Integration of spatial derivatives

I I
Xw = Xiq Xy = Xz Xp =X Xe = Xis1/2 Xe= Xisq

j”f‘[apw amjd\,dt_ At J[apuaﬁ apvqﬁj
ox oy ox oy

t+At
j 90 ,99,0 ,99 5 |avdt =
oo oyt ey

i*j i j (#)
AtAjv[axan & ay+s Jdv

Caldforrsi Sate University
Northridge

AVt

35

Pressure-based Solvers V

« Combine all integration results

(6w~ (o) oV 21 j[afj“ajﬁgf]dv

0 a¢ o _0¢ Ty

=At ——+— S@ ldv

j(ax” x Tyt eyt

» Terms multiplied by At are almost the
same as steady-state terms

— Here these terms represent a suitable
average over the time step

Caldforrsi Sate University 36
Northridge

ME 692 — Computational Fluid Dynamics




Transient CFD

April 21, 2010

Pressure-based Solvers VI

» Use steady-state results
[(p¢)P.l+At _(p¢)P,t ]AV _ J‘[@,DU¢ N aM]dV
AV

At OX oy
+A{/[;y(x+;yyi;é+8“”)dv
l(/o¢)P,t+Al _(p¢)P,t JAV _

At

ay dytas dstag de+ay dy—ap & +8¥
Northridge i

Pressure-based Solvers VI

 Transient finite-volume equation

[(p¢)P,l+At _(10¢)P,l JAV _
At

ay fy+as fo+ac fe+ay dy—a, g +S”

T e T an G am T F s
a'N ¢N +aS ¢S +aE ¢E +aW % _aP,transient ¢P +s'[rgxnsient =0

What is Time Average?

» Have same choices used for conduction
equation
— Explicit — use values at old time step
— Implicit — use values at new time step
— Crank-Nicholson — use average of values

at old and new time steps

+ Can also use more accurate time

derivatives

* Fluent has various options

Cabtfornia State I‘:uln-".- 39
Northridge

a —a P sV 5@ _g® P AV
P.transient — “'P + At transient — + At
Californi State Lnhersity 38
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Sohlver Formulation
* Pressure Based * Implicit
" Density Based J
Space Time
g5 T Steady
% * Unsteady
=
& 3D Transient Controls
" Non-lterative Time Advancement
I” Frozen Flux Formulation
Velocity Fi lati U dy F:
™ Absolute
" Relative * 1st-Order Implicit
~ 2nd-Order Implicit
Gradient Option Porous Formulation
* Green-Gauss Cell Based * Superficial Velocity
" Green-Gauss Node Based © Physical Velocity
" Least Squares Cell Based

Explicit or Implicit?

» Explicit stability limits on time step (set
by the local Courant number, uAx/a.)

* The At required for stability is usually
much lower than the At for accuracy

* Implicit algorithms will generally take
less computer time

* Moving waves (e. g. shock waves)
require small time steps so that explicit
algorithms are preferred here
— Available in Fluent only with density solver

Californi State Universty 4
Northridge

Other Fluent Options

* Non-iterative time advancement —
simplifies iterations to reduce computer
time for solution
— Does not do “outer” iteration

* Frozen-flux formulation uses ay
coefficients from previous time step

— Does not update during iterations
— Another item to save computer time

ak .’:r;lﬁ:lll-l‘:unw'.- 42
Northridge
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