More two-dimensional elements

April 27-29, 2009

More on Finite Elements in
Two Dimensions

Larry Caretto

Mechanical Engineering 501B

Seminar in Engineering
Analysis

s April 27-29, 2009
Northridge

Outline

* Review last lecture

— Quadratic basis functions in two
dimensions

» Border integral terms
» Triangular elements
— Natural coordinates (area coordinates)
— Linear basis functions
— Higher order basis functions
— Boundary terms
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Review Quadrilateral Equation
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Review Linear ¢; Quadrilateral

(X4, Y4) £=-1, £=1,
(X3 ¥3) n= n=1
(X2, ¥2) = _1 _

(X4, Y1) ﬁ=_1’ E]__1
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Review ¢ Derivatives
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Review x and y Derivatives

(X41 y4) X: = - 77 (X, = 1)+ 77(X3 %,)

1
5:7'7( )+ 2y, -y,
1
,]:TQE(X _X1)+T§(X3 X,)
1—
S )+ R
o on ono
x y§ Zy "o, * Have all information to
R evaluate A for element
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Boundary Terms

(X4 Ya) * Element boundaries lie
along line of constant g
= 11 or constant n = 1
# + Boundary integral is
(x,,y,)  found along these lines
(x4, 1) « Two cases to consider
— Have gradient (24 or 3™ kind) boundary
condition to include in solution
— Compute gradients from solution for
Dirichlet boundary condition

Calbifornia State University
Northridge

Boundary Integral

(X4 Ya) » Find integral below
whenever one side of
X3 V3) element is on external

<
)~ boundary
(X;, Y1) (X2, ¥2) J‘(p iﬁdsz aiu e}d(p "
hie K an N )gge 3¢
r SICE start

- Differential distance, ds = S._,,dn/2 or
S,-:1d&/2 where S is length of side

e =i (-
Northridge

& = 1 Boundary as Example

(X4 Ya) od 3 Lo
M f(ﬂkﬂian s sézlzjdszjs&l?”
T 2 -1

~ °* 04and ¢, are zero
along & = 1 boundary

(X2, ¥2) = Length of side, S, is
Sg“:l = \/(Xs - Xz)z +(y3 - yz)2
- Differential distance, ds = S._,dn/2
_@+9Hd-n) _1+5)dA+n)
) = 4 Z 4

Cabtfornia State |‘:II|1Y-'.-
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& = 1 Boundary Example |l

(X4» Ya) * Evaluate 2
integral Igok Nys
forg,and r
dsate=1

~ flq S._
I(Pz Ns - [&Jj St ﬁﬁ: (auj =
2% on onj.y "2 2 2, \onj, 2

* Same result for ¢; :_ ¢

Calforrsi Quate Lniversity H g
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& = 1 Boundary Equations
(X4, Ya) * Boundary g :(5‘1) E
Xa) V) term on)., 2
23 Al + AU, + AUy + Ayu, =0
Aggly + AUy + Agglis + Ay, = B
(X2, y2) Ayly + AU, + Ay + Ayu, =B
AU+ Apu, +Agu, +ALu, =0
» Equations with B not needed for

Dirichlet boundary conditions
— Used after solution to compute gradients

Caldforrsi Sate University
Northridge

n = 1 Boundary Equations
(X4r V) « Boundary g _ (auj Sya
Xa) Ya) term onj, 2
23 Auu; + AU, + Az + Ay, =0
Aty + Aglly + Aggliy + AU, =0
(X2: Y2) AU, + Ayu, + Agu, + Auu, = B
AU, + Apu, + Agus +ALu, =B
» Equations with B not needed for

Dirichlet boundary conditions
— Used after solution to compute gradients

Caldforrsi Sate University
Northridge
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& = —1 Boundary Equations n = —1 Boundary Equations
(X4» Ya) » Boundary B— (auj 55:—1 (X4 V) » Boundary B= (&JJ 577:71
term onj., 2 term onj,_, 2

Ay + AU, + Agus + Ayu, =B
Aty + AU, + Ajliy + Ayl =0
(X0, Y1) (X2 ¥2)  Agu,+ AU, + Agu, + Ay, =0

Al + AU, + Azl + Ayu, =B
Ay + AyU, + Ay + Ajyu, =B
AgUy + AgyU, + AgUly + AU, =0

AUy + AUy + Ayl + Ay, = B AUy + AU + Agls + AU, =0
* Same signonBasing=1term + Same sign on B as inn = +1 term
— Outward facing normal derivative is in — Outward facing normal derivative is in
~ opposite direction ~ opposite direction
Northridge ° Northridge "
Review Element Equations Review Assembly
. 166 167
erm an 2 lobal (93) 146
X3, Y3 bound globa 144 145
J‘(\‘\ At AU, + AgUs + A, =Ry numbers |4 2 03| @ | (78
\) *(Z Aogly + AUy + Ay + AU, = R, 124 125
Xy, Y1) (X2 Y2) A, + Ay, + A, + A, =R, + Assembly looks at all elements that contain
Al + Apl, + Ay + Ay, = Ry a given node
+ R = 0if node i is not on a boundary — Get element equation for local node number
1

* Node 145 is node 3 in element 73, node 1 in 94

*Ri= BbOU"dJ‘ node is on boundary k and is + Use equation in 73 where node 3 is multiplied by A,

B.-bP,H”g,ﬁK.t Bbound_m for node on two boundaries .. equation in 94 where node 1 is multiplied by A,
Northridge 1 Northridge *
Review Assembly Result Review April 27 Homework
» Add all element 166 her » Solve Laplace’s Equation for the region
: . 165 o -
equations with and finite element grid shown
global indices for 144 (93?4 ©4) a6 — Details in assignment
node 145 — Boundary values are 1 at all nodes except
123 () | (74) notch where it is zero
(73 (73) (74) (74,124, 125 + Elements are Three unknown
AP, + (ALY + AL b, + ALY Blementsare TR o
(93) (73) (94) (93) | A(73) (74) . |
v+ Ay }1144 + [Au + A+ AT+ Ay }"145 sidesofh=01m
(94) (74) (93) — Use local coordinate
+ + Uy + Ly
[Ai(;) (23) }JMG Af;) 165 4 3 system to get space |
[A14 + A, }‘1166 +A; U, =0 derivatives !
Northridge 1 4 Northridge
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More two-dimensional elements

Review April 27 Homework ||

* Local coordinate system (h = 0.1 m)
-&=-1,n=-1=>x%x=0,y,=0
—&=1mp=-1=>%=h,y,=0 X, —x;=h
—-&=-1n=1=>x,=hsind,y,=hcos 6
—2;3:1 n3=1->x3:x4+h,y3=hcose

- Y3 — =hcos 0
(X4 ¥,
x3, Y3)
(X4, V5 (X2, ¥2)
Nnr't'h'ri'(lgé

6 = 30°

April 27-29, 2009

Review April 27 Homework Il

1- 1+

3’ Vo) %=y U )+ e )
1- 1+

( ) yg=Tn(YZ*Y1)+Tn(Y3*Y4)

X2 Y2

Xy :%(x47x1)+%(x3fxz)
xgszn(h)+“J(h):ﬂ
v =0+ 10 -0

Xy 1 E"(hsme)+—E"(hsm 0) =

hsin6
Cak !q--.u\ ale Lo 2
Northridge »

Review April 27 Homework IV

+8

X
(X4, ¥4) 2¥2

(3, Vo) Yo =g e+ (s y2) -
1-g +€_, hcos6
( ) 2 (hcos®) + ——=(hcos0) = 5

‘]_Xéyn XnYe = 2 2

(hsmej +[hcosejz hz( )
XﬁerTZl: 2 2 2 sin 0+ cos? 0

2

hhcose hsin® h? cosO
( Jo-

J h2 cos® h? cos® " cos0
4 4
hsineEJrhcose( )
XnXetYn¥e _ 2 27 2 _sin6

h2 cos 0 cos 0 -

Northridge ;

Review April 27 Homework V

» Use one-point Gauss quadrature for
(symmetric) Akl from April 20-22 lecture

0 X+y@ Xy Xe +YnYe O
f(E_, )_ Di m n Pk 4 nJ¢ (Pk]

0, J 0¢ J
Xe + Ve Doy Xy xa+yny§aﬂ_ ¢
J on :
11
= _H f (§,m)dEdn ~4 f (0,0) by Gauss quadrature
—1-1
Nnrtiﬁ'lulgt 2

Review April 27 Homework VI

h?2 o,
—| +0
aot 57

J hZcos®  cosO
4

For g = 30°, sin6 =
and cos0 = 31/2/2

Ya

7] 1 0 sin® a 7] 1 0 sin® o
f(é'n) i (PI |: Py (Pk:| (PI { Py Pk

cos® 0& cosO oOn on

fEm)=—- {a(pi Fﬂfsinﬁaﬂ}r%[aﬂ—sineaﬂ
cos 0

o | o€ | on| o o€
=2 {20 % 1on], onlze 1o
f o 20n| om|on 2 0g

Northridge »

cos® on cosO O&

}
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Review April 27 Homework VII

« Compute A integrals using Gauss
quadrature with one Gauss point
— See general form of shape function on next
chart for computational ease
» Assemble equations for three unknown
nodes in diagram

» Substitute boundary values and solve

resulting system of three equations for
the three unknowns

Cal .’:r-_lﬁ:lll-l‘:unr\'.- 24
Northridge




More two-dimensional elements April 27-29, 2009

Review April 27 Homework VI Review April 27 Homework |IX
* We can write all i [a b fe ):i{ai(hbm)[ak(1+bkn)71bk(1+ak§)}
shape functions as 11212 SNED 4 2 4
by (1+a;&) [ b (1+a,8) 1 a, (1+bn)
_(1+ad)(a+by) 2] 1] e
' 4 3|11 + Set x = h = 0 to get f(0,0) for Gauss
op, _a(l+bn) 4]-1]1 quadrature
og 4  Solutions use f(0,0):i{ﬁ[a—kflb—k}ﬁ[b—kfiﬂ}}
99, _b(+al) these equations Valala 241 4[4 24
on 4 to get integrals £(0.0) :i(aiak +bib  ayby +biakj: 2(a;a +bjb, ) (aiby +bia,)
for various A V3 32 1673
Northridge »
Review April 27 Homework X Review April 27 Homework XI
* A, = 4f(0,0) for zero-point Gauss « Add all element . |
equations with ~ ""* e
2(a;ay +bib, )—(a;b, +bia qua
Au=41(00)= 255 Z)ﬁ( b2y glodbaluindices for iqjq ont L OR) Jist,
node |j LL LR
2.0 -20 20, —2up3 =0 111 ( )” ( ) -
A:% 02 2 g ‘06 By,  —6lp, =0 AUy o+ [ASY 4 AR L Ay T
0O -6 0 6| 2u316 " 2u336 :é) [AG9 & AGO L+ [AUR) 4 AUD 4 AL 4 AL
—-6u +6Uyy =
e e T (A + AL Ly + AP+
—61,1A44 = 61,3sz = Afj = A'21 i4A23 = AZ = A3'4 =3§x41 = Aj: =0 [A&JR) + AégL)Li,jﬂ + Al(iLSJR)ui+l,j+1 =0
Northridge 7 Northridge =
Review April 27 Homework XI| Higher order Shape Functions
* Substitute o P 1+ + Equation on previous page is valid for
numerical values "1 ol | R any shape functions in a quadrilateral
(same for all i-1,j g—oLl 1 « Isoparameteric elements use the same
elements) (W | R order shape functions for both the

i-1,j-1 1 geometry and the dependent variable

_Zui—l,j—l+[O+O}Ji,j—1_6ui+l,j—1+[O+O]ui—1,j +[2+6+2+6]ui,j - Cpuld use linear functions for geometry
higher order for dependent variable
[0+ 0Juiy j —6U; 1 juy +[0+0u; o1 —2Ui, 1 =0

— Higher order functions for geometry would

=20, j1 —6Uj,q jq +16U; j —6Uj_1 j11 —2Ujq ;2 =0 allow elements with curved sides

Caldforrsi Sate University 29 Caldforrsi Sate University 30
Northridge Northridge
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Higher Order Shape Functions

» Use notation at right
for writing higher
order shape functions

» This was used in
derivations last time

* Bilinear shape
functions using this
notation are shown at ¢, = (A+ag)d+bm)
the right 4

a; | b
111
111
111
=111

BIWOIN| = |—

Calfornia State Lniversity 31
Northridge

Quadratic Lagrangian
0 = a;$(L+as)bn(l+bn)

» Corner nodes

4
+ Side nodes )
where E_, =0 T (1_§ )b|77(1+b|77) i=23
and n = 1 2
+ Side nodes al(l+ad)1-n?) .
wheren =0 Pis= < '5)( 1) -1
and & = +1

« Central node Py =1-7")1-&%)

Calfornia State Lniversity 32
Northridge

Serendipity Quadratic
« Corner _(1+a8)A+bn)(as+bn-1)

nodes ‘ 4

« Side nodes )
1-£9)(1+b
where £=0  @,s :Lﬁﬂ)

and n = 1

i=23

« Side nodes 2
1+adé)(1- .
wheren=0 @ _(4rad)d-n’) '62( ) i=12

and & = +1

Cabtfornia State |‘:II|1Y-'.- 33
Northridge

Other Basis Functions

* Linear shape functions had four nodes
per element and quadratic functions had
nine (Lagrangian) or ten (serendipity)

» Cubic shape functions have 16 or 12
nodes for Lagrangian or serendipity

» Hermite cubic shape functions use first
derivatives as unknowns

« All involve evaluation of A, integrals
and boundary integrals

Cabtfornia State |‘:II|1Y-'.- 34
Northridge

Return to Basic Result (N, = ¢,)

» Have general two-dimensional result

N ~
z{ R, ot NkazNi}dxdy}: fo e
k=0,...,N
* Apply this equation to any 2D elements
* Limited to example PDE
Consider triangular elements next
Use different coordinate system

Caldforrsi Sate University 35
Northridge

Integral for Triangles

* Result of derivation in terms of triangle

area coordinates, A,
A, = ZAjlfz{af +hf ON; N, a; +b; ON, N,
' ool 4A* 04 04 AA* 02, 02,
28 +bb, [MN@N@N) NkazNi}W
4A oA 0, 0OX 04,

* In this integral A = area of triangle and
a; and b; depend on vertex coordinates
—A =YY = Y3 Y a3 T Y1~ Y2

X3 — Xp, Dy = X4 — X3, b3 = X, — X4

Califorry h Lnhersity 36
Northridge
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Triangular Coordinates Triangular Coordinates ||
XY Ag=1 X3:Y3 g =1
A - _ / A = )
X1,Y4 X2,Yo 3 X1,¥1 X,Yp 73
+ Vertices have coordinates x;, y; » Triangle area = A = (base)(height)/2 =
* Natural (area) coordinates, 2; start at (X, — %q) (Y5 — y4)/2 (for this triangle)
zero at side opposite vertex i, are « Inner area A, has height which is A,
perpendicular to that side, and go to times total height, i.e. hy = J(ys — y,) SO
one at vertex i — A A
» Three such coordinates with A, = A/A that A; = (x, = x1) [ks(ys = y)l2
T b * Dividing A; by A gives A; = Aj/A
Northridge . Northridge *
Triangular Coordinates Il Triangular Coordinates |V
A X3 Y3
N M2

NN
TS OSRS
~7 ~N

] )&<\><2W> | : 3
" Mave three separate area coordinate

. + Lines from point where all ; intersect to
variables, A1, 45, and A each vertex defines three subareas
» Each goes from zero to one * Previous chart showed that each area, A,
* Each i = A/Asothat iy + %, + 243 = Aj/A = (height),(base)A/2 = LA or A, = A/A
* AJA+ AJA=NA=1 . SinCe A, + Ay + Ay = A by + Ay + Ay = 1

39 40

Northridge Northridge

Triangular Coordinates V Coordinate Transformations
X3, Y3
1 1 1 174 » Use formula
wl=lx % xla for by, the
B N (N components
y

i Yy Va4 of B=A"

7z |
X7 N Vods

+ At any point in the triangle the x, y and A, (_ l)i” M.
coordinates are related as follows A 11 1771 by = TA“
X=XA+Xh+ XA Yy =YiA+ Y d + Vel Ll=% X X
+ Can write matrix equation to relate x and y A Y, Y, Vil |Y * M; is minor
to A plus constraint that A, + &, + A5 = 1 determinant

41 42

ak .’:r;lﬁ:lll-l‘:ul‘w'.- b .’:r;lﬁ:lll-l‘:unw'_-
Northridge Northridge
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More two-dimensional elements

Finding the Inverse

U
+ +
Det| x, x, x| VTSNV o,

= XY XY, — XY,

i Y2 Vsl Details for area, A, at
end of presentation

1 1 1 B 1 X2Y3 = ¥aXs - (y3 - yz) ___Xs —X .

X % 3| T oAl (X1Y3 - Y1X3) Ya— Y1

4 } XY, = Y%, _(yz - y1) :

My (_ l)i+j M;
Northridge ! DetA

2A

April 27-29, 2009

Getting A, from x and y

/11 1 XY= Yo X5 Yo=Y X=X 1
A |= oA YiXg =X Y3 Ys=Y1 X=X | X
A XY =Y Xo Yi—Y, X=X |Y

* This equation gives all A; coordinates for
any Cartesian coordinate x, y

» Can express shape functions of any
order in terms of A, coordinates

Caltforrsa State Lnfversity m
Northridge

Triangle Shape Functions (N, = ¢.)

* Linear shape functions: N, = A,
— Three nodes at triangle vertices ,
— Satisfy basic result that Ni(x;) = §; °

* Quadratic shape functions e

—Nodes 1, 2, and 3 at vertices and nodes 4,
5, and 6 at midpoints of edge

N, =424 -1) N, =444,
N, = 42(2/12 _1) Ny =42,4,
Ny =424 -1) Ng=422,

Cabtfornia State I‘:uln-'.- 45
Northridge

5

Shape Function Derivatives

« Finite element coefficients have
derivatives and integrals of shape
functions with respect to x and y

* Have to get derivatives and integrals
with respect to the 2,

* Only two of the A; are independent

» Can pick A, and A, as independent
values of A

» Have usual equations for transforms

Cabtfornia State I‘:uln-'.- 46
Northridge

Shape Function Derivatives Il

» Transform derivative of any function, v

Oy _0hoy 0k Oy Oy 040y 0k Oy

X OX 04 OX 04, oy Oy 04 oy 04,
j’l 1 XNYs=YoXs Yo=Y XX 1
ﬂ'z = ﬁ YiXs—=XY; Ys=Y¥1 X=X || X
A NYs= Y X, Yi—Y, X=X Y

%:XZY3_V2X3+YZ_Y3X_FX3_X2 y
2A 2A 2A

47

Shape Function Derivatives ||

ME 501B — Engineering Analysis

« Summary of partial derivatives required
for natural coordinate derivative
transformations
— Definitions of a, and b, given here

O _Yo=Ys _ & aﬂl:XS_XZ_bl

X  2A  2A @&y 2A  2A
0 _Ys=Yi_8 Oh X=X by

ox  2A  2A dy 2A  2A
0 _N=Y _8 Ok _X—X_by

OX 2A 2A oy 2A 2A

Cal .’ll".IN:III-L:IInT\'.- 48
Northridge
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Back to Basics Derivative Transformations
« Change notation for shape functions » Use previous equations for dy/dx, etc.
fromtcbto]!\l a|[|1d|uie EaSIC G?Ierkln N, N, %%+%% %%+%%
equation for Helmholtz equation x ox | oxon Toxon, | ox on T ox o,
iui{mm NN, N}dxdy} i, % a N, o N Ta N, a o,
o al X XYY hE 2h0%, 2A 0%, | 2A 0 | 2A 0%,
P k=0,...,M oN, N, _[04 N, 02, N, o2 oN, | oz, oN,
. Triang(jlar element with N(e) nodes EW oy 611 oy 8/12 oy aj’l oy 61
» Transform derivatives and integral from b, &N, b, oN, [ b, oN, b, oN,
X, ytoiy, 4, ﬁa ﬁﬁ ﬁﬁ ﬁ@
Northridge 49 Northridge ®

Derivative Transformations Il Transform dxdy Integral to di,dA,
» Combine equations from last chart * Use 04 04
NN, N N, [ 0Ny 3 N [ oN, | a, N, Jacobian ox oy
x ox oy &y [ZA ok 2A 04, LA 04 2A 04, } determi- /4% = Jaxdy = 04, 04, dxdly
{iﬂ iﬂ}{iﬂ Lﬂ} nant, J ox oy
2ROk 2A 0%, | 2A 0K 2A 04 % % Y Ye X3 =% :(y3—y2)(x3—x1)_
_aZ+h? AN, oN,  aZ+b? oN, oN J=| % U |_| 2A 2A 4A?
- AN? aaijj ZAZZTAZTA: % % Ys— Y1 _X3_X1 (y3_Y1)(X3_Xz)
ox oy 2A 2A | 4N
aa, +bb, ( ON; ON,  ON, ON;
AN (@ﬂl o, +M%j + J = 1/2A (details at end of presentation)
Northridge i Northridge 52

Triangular Element Equations

* For linear shape functions, N; = X,
— Integrals at end of presentation

Integral for Triangles

« Original A,; equation

A, :J ?% ﬂﬂ—N azNi}dxdy
Al ooy oy O R R
« After transformations and Jacobian al X Ox oy ayz
— Derivation of integral limits on charts at end _ &3 +bb  Aa @+s,)
of presentation 4A
_ ZATTZ a’ +b? ﬂ%+ a; +b7 N, oN, ° Rig_ht'hand sides Ayl +ApU, + Agu; = B
i AAZ o4, 04 4A2 o4, oA, Bk = 0 except for A21U1 + Azzu2 + A23u3 = B2
| @, +bb, +b1b (aNi oN, , N, oN, ]_ \ aZN}M% boundary nodes A, + A, + A, = B,
A2 \oa o4, 04 04, ) _
ﬁi)"l'lhrltlg't % Nnrlillrlulﬁt o

ME 501B — Engineering Analysis
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Border Terms

+ Consider side 2-3, ds = LydA, f:
» Others will be similar

2 3

~ 3
s=M ijds—Lzsa—u
ONlyy

ZAk.i—JN

ROl

jN di, k=123

» Along side 2-3, 1, = 0 we only have to
evaluate this integral fork=2and k=3
j Ay =

M 2T S
L,, ou

z U =B® =L A@ -2

< A3| i 3 23 230 23 an S 2 an

California State University 55

Northrulge

23

Border Terms |l

» To get border integral for k = 2 with N, =
dx, = —dA, since A, is constant along 23

— On side 23, A, goes from 1 to zero as we
integrate in a counterclockwise direction

j/lz (cda)=-L, 8

23 1 6”

« Similar results for other borders

— Terms appear in two of three element
equations

California State University 56

Northrulge

< (23
ZAZiuu Bz ) = Lzaf

i=0

0 N
é Ly
A 2 on

23

Border Terms Il

* Element equations for border on side 23
Al + AU, + Agl; =0 B = 33(23)
ApU; + AU, + AUy = 82(23) _ Ly oa
Agl; + AU, + Ay =B 2 on

» Element equations for border on side 31

31

AU+ AU, + Aguy = Bl( ) B = B
Ay + Ay, + Ay =0 _Lyad
Ay + AU, + AUy = 83(31) S 2an

Northridge

23

31

57

Border Terms ll|

» Element equations for border on side 12
Al + Ao, + Aguy = 81(12) B = B
Al + AU, + Al = BI? _L,ad

Ay, + ApU, + Ay =0 2 only,

* Define R, = 0 for nodes not on external

boundary and R, = B,0¥ otherwise

AU, + AU, + Agus =R,
A21u1 + Azzuz + Azsua = Rz
A31u1 + Aszuz + A33u3 = Rs 58

Northridge

Assembly

« Away from boundary typical node is part
of five or six triangles

* Must consider element equations for that
node from all triangles

» Each element has three equations

— To assemble equations for one node, pick the
one equation (from three) from each element
where node appears

« pick equation where the nodal value is multiplied
by A, (coefficient whose subscripts are the same)

ak .’q-_;lﬁ:lll-l‘:unw'.- 59

Northridge

Mesh 4

e Trian-
gular
mesh
from
MATLAB -
PDE
toolbox

*50r6
per node

ak .’q-_;lﬁ:lll-l‘:unw'_-

Northridge

ME 501B — Engineering Analysis
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Assembly for Six Triangles

» Central node g is part of
six elements labeled
from (a) to (§)

— Assume node g in global
system is node 3 for all
triangles in local system

AU+ AP, + AU =R AP+ AU, + A, =Ry
APu,+ ALy + A0, <R A, + A+ A, =R
AP, + AU, + APy, =R AL, + AU, + A, =R

Northridge o

Assembly for Six Triangles Il

* Add all element d

equations for node g AA
— Other systems will not e g
have all node g
f

coefficients as Ag;
(A + AL by + (A + AL b, + (AP + AL,
+ (AL + Ay + (AL + A o, + (A9 + AL g
(AP AL+ A A A A
=R® + R + RV + R + R{) + R

Northridge

62

Triangle Quality

» For accuracy want all triangles to be as
close to equilateral triangles as possible

* Area of equilateral triangle with side b

A_bh_bbyV3 b°y33_ 3p’ 44/3A

Triangle quality

2 = = = =1
2 22 4 3 43 3b?
* Quality of triangle with sides by, b,, and b,

Q= 4\/§A « Keep Q

2 2 2
 b{+by+bs >0.6
Rortheidge e

May 4 Homework
» Two problems
— Repeat finite element problem from last
week using gradient boundaries
— Triangular finite elements
* Get element _

. ! i | Zer
equations from | radient
homework | on these
solution clements

— One gradient
boundary node

Rertheidge .

May 4 Homework |l

* Recall quadrilateral i [a b
shape function form 11211
_ (@+ag)+by) 2| 1]
P 4 3011
» Use exact result 41111
for A integrals
aa, +bb, +%—(aibk +ba,)siné
A= 4cos6
Rortheidge 66

ME 501B — Engineering Analysis
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More two-dimensional elements

May 4 Homework Il

 Triangular element problem .
— All triangles equilateral ° 1
—Each sideish=0.1m : !
— Dirichlet boundary conditions 1 " 2 unknowns
— Definitions of a, and b; shown below
— Coordinates for one triangle: x; =y, = 0; X,
=h,y,=0; X3 =h/2, y; = 3"2h/2
— Area, A = 3'2h2/4
a=Y,-Y; b=-%+x
G=Y;—Y b=-X+X

Cabiforrsin Sate Uniyersity a, = — b =_X +X
Northridge s =Y Y. D 17 %2 o7

April 27-29, 2009

May 4 Homework IV

* Integrals for A,; from April 27-29 lectures

—a = 0 for Laplace’s equation 0
_aa, bb, Aa’
A=Ta T an Zzzﬁ&ik)

» Have three equations for each element
— Nine (symmetric) A values

» Assemble equations from six adjoining
elements to get two equations for two
unknowns in overall grid

Calfornia State Lniversity 68
Northridge

Additional Charts

+ Derivations not covered in class
— Charts 70 and 71: the area of a triangle in
terms of the coordinates of its vertices
— Charts 72 and 73: Jacobian for converting
area dxdy to area di,d\,s
— Charts 74 and 75: getting and verifying
limits for triangle integration limits

— Charts 76 to 78: details of A,; integration for
linear shape functions

Cabtfornia State |‘:II|1Y-'.- 69
Northridge

Area Calculation Details

Create rectangle around
triangle with arbitrary
orientation Vs
» Triangle area is

rectangle area minus
area of three triangles

y1)(1 )(3
© A= (Y2 = Y1)(Xs = Xq) = (Y2 = Y1) (Xo — X4)/2
= (V3= Y1)(X3 = X1)/2 = (Yo = ¥3)(X3 — X,)/2
© 2A = 2(y, — Y1) (X3 — Xq) = (Y2 = Y1) (X — X4)
= (Y3 = YD)(X3 = X1) = (Y2 = ¥3)(X3 — X,)

Cabtfornia State |‘:II|1Y-'.- 70
Northridge

Area Calculation Details Il

» Multiply out and cancel terms with
capital letters for labels

2A=2Y3Xy —2Y3% — 2Y1Xp + 2Y1 X4 — YaXg + YaXg + YiXg — V1X

2G -2B -2C 2D -E B -D
—YoXo + YoXg + YiXo — Y1Xg — Y3Xp + Y3X3 + YoXp — Yo X3
-F C -D -G E F

* Final result
2A= YaXo = YaXy = Y Xo + Y1 Xg + Yo X — Yo X

Caldforrsi Sate University 71
Northridge

ME 501B — Engineering Analysis

Jacobian from dxdy to dA,dA,

* Use 0A, 04
Jacobian X oy
determi-  d4d4, = Jdxdy = o1, o dxdy
nant, J Ox oy

o4 04 _YamYe XX :(y3—y2)(xs—x1)_

_|ox oy|_| 2A 2A 4n?
J= =

0k k| | YooV X=X (y:;—@(xa—xz)

x oy 2A 2A | 4N

AA%D =(y3— Y, )X = %)= (Y3 = Y1 X3 — o)

Caldforrsi Sate University 72
Northridge
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More two-dimensional elements

April 27-29, 2009

Jacobian Details

 Multiply by 4A? and show that numerator
gives previous expression for 2A in
terms of triangle vertices’ coordinates

AARD = (Y3 = Y, % = %)= (Y5 = Vo )X = X,)
= 37 YaX Yo X T Yo X
—Y3Xs t Y3X, + Y X =YX, = 2A
d4,dA, = Jdxdy = i dxdy dxdy =2AdA,dA,

73

Northridge

Integrating Triangle Area

X, Vi Xz Y2~

+ Use following limits for integration over
entire area of triangle
[ f G das do)xdy = [ (44, 25)2Ad 2d A,
11-2,

zzAj jf(zi,/lz,/ls)dﬂid/lz

Caltfornia ate Lntersty 0 0
Northridge

74

Confirm Integration Limits

j(l A, A, = 2{/1 .—ﬂz_z{ —ﬂ:A

+ Confirms correct limits for integrating
complete area of a triangle using the
natural (area) coordinates, 2,

— Also shows integral value = 1/2

75

Northridge

Linear Shape Functions

« Start with general two-dimensional
integral for Helmholtz equation example

A~ j[ﬂﬂ+ﬂﬂ_N azNi}dxdy

Q

* For linear shape functions N; = X,

£ oA oA, oA 0, 11
A, =2 ”{ax ;(k }dﬂldlz a 2Aj 'fﬂyidﬂidﬂ

:2Aﬁ2[ii ——}dﬂidﬂ? a ZATIf}kidﬂidﬁ

2A2A 2A2A

00

76

Northridge

Linear Shape Functions II

“la a b b
2A[ [ |22 ldad, =
)1 [2A2A 2A2A
_aa +bb T
K | dAdA, =
2A !! & il 4A

 Use following general result (we have
shown it is correct for m; = m, = m; = 0)

m,!m,!m,!
(m,+m, +m, +2)!

[ a5 25 d = 2A
Q

7

Calbiforni State University
Nnrliﬁ'i(lge

Linear Shape Functions Il

» Use general form just stated to get
remainder of A,; integral for N; = 2,

INkazNidxdy = azj'ﬂk;t,dxdy =
Q

Q
g MO _AaT
1+1+0+2)! 12 Aa?
=——(1+3,)
210101 Aa? EETREAG
a?2A o i=k

(2+0+0+2)! 6

78

Calbiforni State University
Nnrliﬁ'i(lge
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