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Outline

* Review material on fins

* Lumped parameter model
— Basis for and derivation of model
— Solving lumped-parameter problems
* Unsteady solutions using charts
— Differential equation as basis for charts
— Problem solving with charts
— Semi-infinite solutions
— Product solutions
Northridge

Fin review

« Adds surface to enhance heat transfer

* Analysis for single fin linked to analysis of
surface with multiple fins

» Equations for simple fins and charts for
fin efficiency and effectiveness

+ Rectangular fin equations: m = (hp/kA,)"?

T-T coshm(L. —X) Qfin _\/kAtT
o _ —_—= p tanh mL
T,-T, cosh ml, Th-T,

Califieni Seate University
Northridge :

Lumped Parameter Model

+ Simplified model of unsteady heat

transfer for a particular problem

— Solid object, with constant k and a uniform
initial temperature, T;

— Placed in fluid environment with constant
temperature, T, at zero time (t = 0)

— Convection to the solid with constant heat
transfer coefficient, h

— Under certain conditions the temperature in
the solid is assumed uniform

Callifiorni Stase Univensity 4
Northridge

Parallel Resistance

* Look at solid object initially at an initial
temperature, T, placed into a medium
at another temperature T_, with heat
transfer coefficient h

+ Convective resistance is 1/hA, oot ot
conductive resistance is L/kA A s
_g_ Rcun\-. | TI Rwuli TE
Ty — ANANNN——ANAANANN——o—
1 L
hA kA 5
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Uniform Temperature Basis

Q R&'Ul‘l\. 1 Tl Rwu“ T

Te; e — AAAAAAN—— AAAAAAA——o—
Figure 3-6) in 1 L
Cengel, Heat — —_—
T hA kA
Q:Tool_TiL:Tl_TZ _, h-T _ka_h
1 L Tool _Tl i k

hA KA hA
* T, — T, will be small comparedto T_, — T,
when hL/k is small

Califoenis Seate Universit
Northridge ¢




Unsteady Conduction

Application to Unsteady Case

» Unsteady case: temperatures change
» Special case: convection resistance is
much larger than conduction in solid
» Result: temperature differences in the
solid are almost negligible

* ldealization: Assume that solid is at
uniform temperature, T

* Model: pc,vdT/dt = hA(T,, - T)
- Vis volume

Northridge

February 28 and Ma

rch 7, 2007

Lumped Parameter Model

» Basic model says that convection
energy into solid hA(Tw — T) goes to
increase uniform solid temperature, T,
giving energy change pc,vdT/dt

daT dar hA
c,V—=hAT,-T) > —=——-—(T
pepV g =PAT. =T) dt pCpV(

+ Define characteristic length, L, = V/A,
and inverse time constant, b = hA/pCpV
=hA/pc,L,

Califioeri Seate University
Northridge
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Lumped Parameter Solution

» Have first-order differential equation
with initial condition that T=T,att=0
OI—T=—ﬁ(T—Tm)=—b(T—Tw) T=T att=0
dt pCyV
+ Solution is known to be exponential
(T _Too): (TI _Too )e_bt or T= (TI _Too )e_bt +Too
* You can show that solution satisfies
differential equation and initial condition

Califioeri Seate University
Northridge s

Lumped Parameter Analogy

« Combine solution with b definition
hAt

(T_Too):(Ti _Too)eibt :(TI _Too)e Pep!

* 1/hA is convection resistance and pc,V

is capacity of solid to absorb heat
hAt t t

pcy L -
PCp pC Rihermal Ctherml

» Result same as RC electrical circuit

Califioeri Seate University
Northrlidge

When can we use this?

» Saw that solid temperature becomes
closer to uniform as hL/k (known as Biot
number, Bi) becomes smaller

* Criterion for application of lumped
parameter solution is Bi = hL /k < 0.1

* Problem: what is L, for a cylinder with a
diameter of 0.1 m and a length of 0.5 m?
T2
Y S SR
A Sfprip 2,42 4
4 L' D 05m 0lm

=0.02273m

Califoenis Seate Universit
Northridge "
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When can we use this? |l

* So L, =0.02273 m; can we use lumped
parameter model if h = 80 W/m2-K and k
=240 W/m?-K?

* Criterion for application of lumped

parameter solution is Bi = hL /k < 0.1
80W

0.02273 m)

AL

Bi :hT';c MK =00076<0.1
m- K

* So lumped parameter model is valid
Northridge
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Application of the Model

* If the cylinder analyzed previously has
¢, =900 J/kg-K, p = 2700 kg/m?, an
initial temperature of 350°C and an
environmental temperature of 30°C,
how long will it take to reach 50°C?

* Given: L, =0.02273 m, h = 80 W/m?K,
¢, =900 J/kg-K, p = 2700 kg/m3, T, =
350°C, T, = 30°C, T = 50°C

* Find: time, t, to reach T = 50°C

Califieni Seate University
Northridge

Application of the Model Il

* Given: h =80 W/m#K, ¢, = 900 J/kg'K,
p = 2700 kg/m?, T, = 350°C, T, = 30°C,
T =50°C; Find:t

T-T)-[-T)e" = t:—lln(T_ij

b Ti_Too
80w 1J
_hA__h m?.K W-s 0.001449
pcV  pcple 2700kg 900‘](002273m) s
m ke

Califieni Seate University
Northridge

Application of the Model Il

(0] (o]
ot IoTe oS S0C=300C | _1q044
b \T-T, 0.001449 | 350°C-30°C
* Lumped parameter approach easy to
use and does not require application of
more complex calculations
» Applicable to general geometry
* Requires Bi=hL/k < 0.1
* Next consider unsteady problems with
‘spatial variation
Northridge

Review Conduction Equation

00T T o,
Pe ot axaxayayazaz “en

CaT 6‘ aT aT 0
ppat ax ax 5 f{qen

{For constant k brmg k 0 for one dimensional O for no_heat
i outside the derivative ! heat transfer generation

oT  oT oT  k o°T
pep— =k = —=——"+
ot oX ot pc, ox

‘!'i.'-'li'){rthrudge

1D, constant K, €4e, =0

« Define the thermal diffusivity, a. = k/pc,
E M0 ?
TLOM E T
« Typical units are m?/s or ft?/s
o k. 62T aT 62T
—_— : —_—
ot ax ot GX

+ Solution requires initial (t=0, all x) and
boundary conditions

¢ Dimensions:

Califoenis Seate Universit
Northridge

What is 1D?

* In theory, one dimensional
heat transfer implies that
the slab is infinite (or
insulated) in the y and z

L x  directions

* Practically this means that
the y and z dimensions are
i so large that end effects
e are not important

Cengel, Heat and Mass
. Transfer

T. Initially T.
A T,
T

'\orthrudg.,e
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Unsteady Conduction

h

Specific Problem

* Problem: att=0, alarge
slab initially at T, is placed

Initially T.

T=‘T; R

—

T, with a heat transfer
coefficient, h

B

0 as center of slab (which
runs from —L to L) for this
symmetric problem

Figure 4-11(a) in
Cengel, Heat and Mass
. Transfer

'\orthrldg.,e

in a medium at temperature

‘ e Coordinates: Choose x =

February 28 and March 7, 2007

h

Specific Problem I

* Initial condition: att=0, T
=T, for all x

* Boundary conditions: At
x =0, dT/ox = 0 for
symmetry. Atx =L an
energy balance gives
—koTlox=h(T-T,)

| * Dimensionless form:
Gongoh rit ate Mass shows important combi-
nations of variables 2

Initially T.
T=T,

B

. Transfer

'\orthrldg.,e

Specific Problem Conditions

+ Differential equation with boundary and
initial condition for T(x,t)

2
T 2T ro-t I o
ot ox? OX|yo
—kﬂ =h[T(L,t)-T,]
OX |y

+ Define dimensionless distance, & = x/L
and dimensionless time, © = at/L2,

. called the Fourier number

'\orthrudg.,e

21

Dimensionless Equation Form

« Define dimensionless _T-Ty
temperature ratio T-T,

+ Get dimensionless differential equation
and initial/boundary conditions for ®(§,t)

2
BT oen-1 2 o
o ok 38| g
_® hL@( 7)=BiO(L1)
Gl k

22

Califioeri Seate University
Northrlidge

Dimensionless Result

T-T 2
=| 60 0% 00
| 2=29 ewn-1 2
Cat| F 3l
2
L _9O8 Mg o)-Biewr)
é—* o g=1 k

. We started with the following variables
tosolve for T: T, T, X, L, t, o, h, k

* Wenowseethat T=(T,-T_))®@+T,_,
where © depends on &, 1, and Bi

23

Califoenis Seate Universit
Northridge
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Equation Solution

+ Solution is infinite series with an infinite
set of dimensionless parameters A, that
depends on Bi

—  4sink,
0=
Z 27L +sin 2i,

& cos An

* The vaIues of A, are the roots of the
equation A, /Bi = cot A,
— Next chart shows first seven A, values for
~ Bi=1
Northridge

24
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Flnd | ng )\ Dimensionless Temperature Difference in a Slab with hL/k =0.1

25 K
- A ; _——
. )/ E =cotA —tau = 0.01]

| 08 —tau = 0.05
ol Bi =1

tau =0.1
10 07 tau = 0.2
—tau = 0.3
u S _ T-Teos —tau=04
—Line ——tau = 0.
'g 0 + + K + T' _Tm _tEU_OS
2 = Cotangent 05 tau = 0.6
= . tau = 0.8
T 5 \ @ Intersections 04 tau=1
A, = 0.86033 -yt
-10 03 tau=2
A, = 3.42561 feu=3
02 tau=4
15 Ay = 6.43730 =5
20 A, = 9.52933 o
25 A =12.6453 %o o1 er  on o1 o5 o5 o7 on o5 s
0 2 4 6 8 10 12 14 16 18 20 },6 =15.7713 Dimensionless distance x/L.
- = —g— = Zb
A A, =18.9023 Northridge
T-T, ] N T-T, : -
Convection Boundary Condition, hL/k = 1 Convection Boundary Condition, hL/k = 10
T T Ti - T
u = 0.0 [ —lgu=01
09 _ g =g —tau= 005 fau = 0.9
0.8
08 % u=02

lay =075

2
5
d

06 2 o5

- £ tau = 0.3
3]

tau=1 =

@ 05
4
H .
S
]
2
5]
£
a

tau =1.5

[/

Dimensionless Temperature
o
&

lau=2

20

| tau=1 |

tau=3 !
0.1 0.1

tau=4 tal=15 \?\‘

0 0
0 0.1 0.2 03 0.4 0.5 0.6 0.7 0.8 0.9 1 0 01 0.2 03 04 05 0.6 07 0.8 0.9 1
x/L x/L
l_.rllllxl'.l Seate Liniversity 27 i'_.rhhxr.u Seate University 28
Northridge Northridge

9,- = I=  Slab Center-line (x = 0) Temperature Chart
Center_line Temperatu re T IOT’_T‘ Figure 4-15(a) in Cengel, Heat and Mass Transfer
L o7 PR ESEmREEs - - ‘%QL =
» Rewrite general result to introduce A, bejD EEANNESS SSSNASSs
T 0.3
T-T, < 4sini, ~ 2 2 0.2 RS R NENS
0= © N N gt coshE = e " cos A et X < N
T -T, &2k, +sin2h, ) n ;Aﬁ n o1 Ll INNAAS
+ Result for center-line (x = 0) 0% BIINANIR O H:
0.03 - i 5 -
_ i 2 i 2 5 NEEEE=NY I
@0 _ TO Tw _ Z%e—knr COS}\,nO _ Z%e—knr 0.02 ‘\\F[;')i‘ > Tt i ]
T -T, or) o) 0.01 i “;/335}
0.007 =) " 0
* Heisler charts show ®, as a function of 0005 et NaRDRDE
T = at/L2 with 1/Bi = k/Lh as a parameter . :
‘;.l.r.x.-::ﬁq.\g.nd )\’n depend on BI DDDJU 1 2 : ] “\ - 1001
Northridge % T -

ME 375 Heat Transfer 5
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Problem

* Find time required to cool the centerline
temperature of 0.3 m thick plate to 50°C
if k = 50 W/m-K, o = 15x10¢ m?/s and
initial temperature is 400°C. The heat
transfer coefficient is 80 W/m?:K and the
environmental temperature = 20°C.

» Given: T, =50°C, T, =400°C, T, = 20°C,
L=0.3/2=0.15m, k=50 WmK, o =
15x108 m?/s, h =80 W/m2K  Find: t

r_.rhrm- a1 Seate University 31
Northridge

Solution
» Chart relates (T, — T )/(T,-T.,), k/hL,
and at/L2.
» From given data we can find
50W
To-T. _ 50°C-20°C _, kK_mk_ 1

hL  80W 0.15m
m- K
* Find t = at/L? = 11.9 (see next chart)
(ot 1190005 m)
o 15x107% m?

T-T, 400°C-20°C

1.79x10™* s=4.96 h

3
S
5
\\\
ot : __Input @,
0.07 ] -
003 T =0.079
o Input
0.02 N | J " k/hL =
\ TR [ 2y
e T X N 4.167
0.01 ot amaa
0.007 Cire :
0.00s HHHHHHH e HRHH] tHHHHHHEHT
0.004 GAs b
0.003 ' f o
0.002 H l‘ z ‘HH- Figure 4-15(a)
\ 1 r M’ g N T * in Cengel, Heat
0.001 — L ~ - L and Mass
1 2 3 46810, 14 I8 22 26 30 5 Transfer
Findt=11.9 7ol

r_.rhrm- a1 Seate University 32
Northridge S
6 _T-T,
0 To-T.
1.0 (7 =02 T - Chart Il
0.9 'J]' ! HIH i
o [ Can find T at any
07 x/L from this
:f chart once T at x
hl .
0u T = 0 is found from
o [T previous chart
H 0.9 . .
02 See basis for this
¢ Bid Plat chart on the next
0.01 0.1 1.0 10 page
1 k
AL
Northridge °"andvists Tranter *

Temperature Approximations

* Previous equation for ©/0Q,
2 2
©  T-T, AT coshE+ A7 cosh b+

- 2 2
© To-T. AT 4 AT 4

* For “large” t (> 0.2) series in numerator
and denominator converge in one term

O T-T, AT coshE+ A eostpit—

= ~ COS A
@0 TO _Too A-efx%r +-Azeﬁ+-‘-‘-'— 1§
('_.r||f|r|' 1 Spate Lniversit 35
Northridge

Temperature Approximations |l

* Fort>0.2
e _T-T,
®0 TO_Too

~ COSA&

* Depends only on & = x/L and A, which
depends on Bi = hL/k

» Must first determine ®, as in previous
example to get ©

* What is ® at x = L in that example?

36

California Seate Universit
Northridge
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Alternative Approximation

» Return to series for “large” t (> 0.2) that
converges in one term

— kd 2 2
0= _I-I_— ;‘” =" A7 coshE ~ AT coshE
i n=1

0

+ Can use this approximation to find ® and
can also solve for T and £ when t > 0.2

1 | T-T, 1 1 4 T-T, 1
~——In Ex—COS | ——= 3
A Ui —T Acosig M Ti-T, AT

Califieni State University
Northridge

®_T-T,
© To-T, |
10 (7L =02 rrrrre o Answer
-9 FHL =
os A Example had T, =
o7 50°C, T, = 20°C,
i and k/hL = 4.167
0.4 [T This chart gives (T
03 =TT =T,) =
02 it 0.91 for x/L = 1
* Hhif e | SoT= (0.91)
0.01 0.1 1.0 100 (5OOC _ 2OOC) +
W 20°C = 47.3°C
Northridge ° mdwass ansir o
Bi Ay A

0.01 0.0998 1.0017

002 o1s10 10023 ___lable Extract
0.04 0.1987 1.0066 .

0.06 0.2425 1.0098 * Use Table 4-2 in text

0.08 0.2791 1.0130 to find Mg and A1 for

0.1  0.3111 1.0161 - :
0.2 04328 1.0311 gl.ven Bi
0.3 0.5218 10450 « Find T atany & = x/L
04 05932 10580  gndt = ot/L2 from
0.5 06533 1.0701
0.6 07051 1.0814 T-T, 2
07 07506 10018 ©=T— = AETTC0SAE
0.8  0.7910 1.1016 e
- - 2
09 08274 L1107 g —Tw)( A cos M&) Y
1.0 0.8603 1.1191
Califioeri Seate University
Northridge *

Approximate Equations

* Repeat example with T, = 50°C, T, =
400°C, L =0.3/2=0.15m, T, = 20°C, k
=50 W/m'K, o = 15x106 m?/s, h = 80
W/m2K to find t for T, = 50°C and T at
surface for this time

* Recall 1/Bi = 4.167 so Bi = 0.24

* Interpolate in table to find A, = 0.4684
and A, = 1.0367 for Bi = 0.24
— Last two slides have interpolation details

» First find time for T, = 50°C

Califieni Seate University
Northridge “©

Approximate Equations |l

« Data: T, = 50°C, T, = 400°C, L =0.15m, T,
= 20°C, k = 50 W/m'K, o = 15x106 m?/s, h
= 80 W/m2:K, A, = 0.4476 and A, = 1.0334
1 (T—TOO 1 j 1
t~——In = .
3 \Ti-T, Acosrg) 04684
In 50°C-20°C 1 1174
400°C—20°C (1.0367)cos0

2 2
(ot _ALT0SHT) e g,

Lo 15x107° m?

41

Californi Seate Univen
Northridge <

Approximate Equations Il

* Find surface temperature for t = 11.74
T=T,+(T-T,)0~T, +(T —Tm)(Ale‘ﬁf cos xlg) =20°C +
- (400°c - 2000){1.0334e*°-46842(“'74) cos[(0.4684)(1)]}: 46.8°C

* Results similar to charts
—4.83 hvs. 4.96 h to reach T, = 50°C
— Surface temperature 46.8°C vs. 47.3°C
* For full solution T, = 50°C in 4.83 h and
surface temperature = 46.7°C at that time
Northridge &
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Unsteady Conduction February 28 and March 7, 2007

Cylinder and Sphere 1D Cylinder, constant k,é,., =0
Initially Tnitiall r (o} ﬂ_
pll = L = Pop ot

Initially

’.
10, o1, L 9401

T
o, : ] ror or p¥od 0o
. | P90
| N + 04 e
| | st vy rifro23 L oz O
Transfer (;Zn y
(a) A large plane wall (b) A long cylinder () A sphere u:ixsan / pc aT k a . 8T 8T o 8 . 6T
imi i Transfer x — =" — =" —
IrISaﬂme problem has similar chart solutions n.\ﬂ Pat reor or ot rer or
Northridge “ Northridge “

. b= ];:;{: Cylinder Center (r = 0) Temperature Chart
Same Problem for Cyllnder ! __ Figure 4-16(a) in Gengel, Heat and Mass Transfer =
+ Constant initial temperature, T;, and gil/—:
convection at outer radius r, SENSAEREL
ﬂ:girﬂ T(r,0)=T, ar =0 ;
ot ror or or |,
kT ST, t)-T,] D
ar r=t : q‘”}a S N
+ Define dimensionless distance, & = r/r, AT
and dimensionless time, © = at/ry?,
Northridge ° E % e w % e
1D Sphere, constant Kk, €,., =0 Same Problem for Sphere
. _ + Constant initial temperature, T;, and
: pPCy— = . :
oot convection at outer radius r,
10,207 oT 0 ,0T oT
——krc—+ _a 2 _ _
0.0 —=——r"— T(@r,0=T, — =0
P(r,¢.0) r2 ara or . ot rZor or (r,0)=T o o
—+ oT
I r?sino 00 —kE = h[T(rp,t)-T,.]
Fiqure 2-3 ¥ 1 Ekg+~ega$ r=ro
Condil r?sin”0 * Define dimensionless distance, & = r/r,
Heat a . . . = 2
Vass pcpgzﬁzgrzﬁ g:%g 2 T and dimensionless time, t = at/ry?,
Norheidge O o o g rta o Rordriize e

ME 375 Heat Transfer 8



Unsteady Conduction February 28 and March 7, 2007

-T.
=77 Sphere Center (r = 0) Temperature Chart
§ - Figure 4-17(a) i I, Heat and Mass Transf
o %L;re a)lrj(;enge eal T, lass Transfer (T _ Tm)/(T m) Charts
g =S i 10 (e, = 02 177 IS 1.0 (ryrir, =02 _
2] TR N BEizalii =
u&;__}(I]H : : oo [-HIH d
o : !
0T o7 7
06 0.6 - 06
05 : 0.5 [1H1]
0.4 H 0.4
03 ‘r,ﬁ' ' 03 0
ez MEit
01 TrLo Cylinder 0o Sphere
o [THIT o [T
00l o1 10 10 100 001 01 Lo 10 100
4 _k 1.k
Bi i, Figures 4-16(b) and 4-17(b) Bi  hr,
Calliforni Seate University in Cengel, Heat and Mass 50
Bt Northridge Transfer
More Approximate Solutions More Approxmate Solutlons Il

* Cylinder and sphere also have
approximate solutions for t > 0.2
— Values of A, and A, still depend on Bi and

. Plane Wall ylinder Sphere
are different for each geometry Bi N A N 4 o 4
. T-T, oy 0.01 00998 1.0017 0.1412 10025 0.1730  1.0030
Cylinder o= T-T, =A™ (k OJ 0.02 01410 1.0033 0.1995 10050 0.2445  1.0060
* 0.04 01987 1.0066 0.2814 10099 0.3450 1.0120
T_T - ; 0.06 02425 1.0098 0.3438 10148 04217 10179
» Sphere o= s :Ale‘xlfiosin M — 0.08 0.2791 1.0130 0.3960 1.0197 0.4860 1.0239
T -T, Al Iy 0.1 0.3111 1.0161 04417 1.0246 0.5423 1.0298
0.2 r) 4328 10311 06170 1.0483 0.7593 1.0592
Califioeri Seate University n ithm |0 e Ln ||\I>\;IIR 1 n4RN N TARR 10712 na2na 1 nasn
Northridge o Nort Il‘ld!,.e Table 4-2 in Cengel, Heat and Mass Transfer 52
More Approximate Solutions Il Semi-Infinite Solids
* The function J,(x) is the zero order v Plane that
Bessel function f{/ N extends to
— Tables in text or get value from Excel HI - infinity in all
function besselj(x,0) or Matlab function w Plane T\L directions
besselj(0,x) >1 suface | o~ Practical
+ Excel function requires analysis tool pack add- T . . .
in to be installed h |.| | = Iappllcatlon?.
. . L arge area 1or
* Here Bi = hry/k for cylinder and sphere \ - \, shgrt times
is different from Bi = hv/(kA) for lumped rJ.
: % T T — Example: earth
parameter solution o on
Calfra st 5 G Y e o o oy surface locally,
Northridge Northridge

ME 375 Heat Transfer 9



Unsteady

Conduction

February 28 and March 7, 2007

Two Semi-infinite Solid Results

* Initial temp T, T_T «
surface temperature S = erf
setto T att=0 Ti-Ts dat

* Initial temp T,, convection starts att =0
to T with heat transfer coefficient, h

hx hat

T =erf( X j—e(k+k2}erfc{x+h\/a]
T =T

V4ot k

55

V4ot

0

Califieni Seate University
Northridge

Error Functions

+ Defined integrals erf(x) is called error
function and erfc(x) = 1 — erf(x) is the
complementary error function
— Excel/ Matlab functions erf(x) and erfc(x)

« Excel requires analysis took pack add-in

» See plots on next chart

Functions

Error Function and Complement

1
0.9 /J/_‘

0.8 2 PR —
' erf (x) = —— j et

0.7 T 0

| |

0.5 H
04 /\ erfe(x) =1-erf (x) = — [
03 T

02 / N
0.1

0 0.2 0.4 0.6 0.8 1 12 1.4 16 18 2

Problem

» How deep should water pipes be buried
in a soil that is initially at 20°C to avoid
freezing if the surface is at —15°C for 60
days? (Assume soil a. = 1.4x107 m?/s)

* Given: Soil with o = 1.4x107" m?/s and
T, = 20°C must not freeze for t = 60
days if T;=-15°C. Find: depth required

» Assumption: Required depth will set T
=0°C att =60 days

x'_.’hfm- i1 Spate Liniversit 59
Northridge

2 X 2 2 o0 B
erf (X):f.[e’t erfc(x) =1—erf (x):—je‘t
I N
0 X
r..[l.r.u- a1 Seate University 56
Northridge
Semi-Infinite Medium Results
10 = I I T T T I I I T T T TTTTT I
0.8 - —
0.6 —
Ambient 7:; —
0.4 T..h -
A
Tinn-1, 03 ud |
T.-T, 45 }_T
Tix.t)—T. -
or |- = 1.2
T,-T.
ool ?:E:m
0.08 0.3
0.08
1
0.04
0.03 2
0.02 P
Bl 0,02
k
o1 | | | 1 1 | | | 1 |
0 01020304050607 0809 1 11121314 15 16
Figure 4-29 in Cengel, Heat and Mass Transfer 1 St
Solution

» Use equation for semi-infinite medium
with fixed surface temperature
T-T, _0°c-[-15°C)

X
—0.42857 = exf
T-T, 20°C-(-15°C] [\/4atj

* From tables or erfinv function of Matlab
find erf(.42857) = 0.40019= X/V4at

—7 2
1.4x10""'m (60d)864§05
S

x=0.682 m 60

X =0.40019/at = 0.40019\/

California Seate Universit
Northridge

ME 375 Heat Transfer

10



Unsteady Conduction

Multidimensional Solutions

+ Can get multidimensional solutions as
product of one dimensional solutions
— All one-dimensional solutions have initial

h, and environmental temperature, T,
startingatt=0

— General rule: Oy,,p = OO Where O
and @, are solutions from charts for
plane, cylinder or sphere

Califieni Seate University
Northridge

temperature, T;, with convection coefficient,

61

Multidimensional Example |l

Ti 7Too

and Mass

Cengel, Heat ‘ oot
Transfer

cylinder

Califieni Seate University
Northrlidge

Figure 4-35 in r L] LSS T(X,t)—TOO
infinite

- Flane wall
" t | xm[T(rxt)T] §
T_T finit
_ x=aR2 | | b cylli:dzr
l | | | ¥ T(rt)-T, .
_L | : _| T-T, infinite
e cylinder

sab

63

February 28 and March 7, 2007

Multidimensional Example

‘ * Solution for
-Plane wall  finite cylinder is

B S AR
| |
|

S ——
Figure 4-35 in r To

engel, Heat -
Gengel ‘ — Long

and Mass
Transfer cy linder

product of
solution for
infinite cylinder
and infinite slab

« Slab solutions
have thickness
2L so we use L
=a/2 in this

case
62

Califieni Seate University
Northridge

Multidimensional Problem

» A cylinder is 0.3 m high, with a radius of
0.1 m, k=50 W/m-K, a = 15x10¢ m?/s,
and initial temperature of 400°C. The
heat transfer coefficient is 80 W/m?2-K
and the environmental temperature is
20°C. Find temperature in the centre of
the cylinder and at its corner after one
hour.

64

Califieni Seate University
Northrlidge

Multidimensional Solution

* We can apply the following equation:

cylinder cylinder

T(0,0,1)-T, _(TO.1)-T, T(0,t)-T,
T-T, fite | T, —T, )infinite( T, -T,
cylinder cylinder

* We find infinite quantities from charts

Califoenis Seate Universit
Northridge

T(r,xt)-T, (T, 0)-T, T(xt)-T,
'|'i _TOO finite T| —Toc infinite 'I'I —TOc infinite
slab

« First get the temperatures at the center

jinfinite
slab

65

Multidimensional Solution Il

* We have separate Biot and Fourier
numbers for the two infinite geometries

50 W 15x1075 m? (3600'9)
K _mk_ 1 _ et s T
= =6.25 t=—= =5.40
hr, 80W 0.1m e (0.1mp
m-K
—6,..2
K. mk 1 e 9t s T 54
hL = 80W 0.15m 12 (0.15my?
m-K
:'_.rl.!'.:.- 1 Spate Lniversit 66
Northridge

ME 375 Heat Transfer




Unsteady Conduction

Enter

T cylinder
51: chart
with
values of
t=54
and
k/hry =
6.25to
find @, =
0.22

I 2 3 4o 810 14 18 22 2t 67

February 28 and March 7, 2007

Figure 4-16(a) in Cengel, Heat and Mass Transfer

I —
b= 1=24
1.0 5 =
01 = :
0.5 s RENESSSNSS ===
0417 o Ae 45 - = .:
oo FIEAR : T Slab
R 5 - ’£f chart
0.l | ' T2
0.07 - qii{. : ;’;l’ 5 = uses T
5 TIE 73 1 - _
8;33 - \‘JI}EL,?P [ il = =24
X R -+ and
0.02 LENECRNE! WY _
i [T k/hL =
A\ A I, s
oo e 4k 4.167
0.007 =1 Sl . "
0.005 EY 1 to find
0.004 2 X _
Y i i i i s ©g =
oo ik T 0.62
0.001 MY
0 1 2 3 3 o
Figure 4-15(a) in Cendel, Heat and Mass Transfer

Multidimensional Solution IlI

* Use Q, values just found

T(0.0,t)-T, (T)-T, T(OH)-T,
T -T, finite T -T, infinite T -T, infinitey
slab

cylinder cylinder

(T@osmsﬂ - (0.22)(0.62)=0.1364

T-T, finite
cylinder
To=T(0,0,3600 8) =T, +(T; - T,, (0.1364) =

20°C + (400°C - 20°C 0.1364) 72°C]

Multidimensional Solution IV

* Edge temperature (x=L=0.15mand r
=r, = 0.1 m) found as follows

T(L, 1, t)-T,, (T(r,t)-T, T(LY-T,
'|'i _TOC finite 'I'I —TOO infinite 'I'I —TOC infinite
slab

cylinder cylinder

« Each term on right is product of center

solution times ratio of point to center
— Must find this for each one dimensional
solution separately
« Use auxiliary charts for this ratio

r_.rhrm- 1 ate Lniversity 70
Northridge

Northridge .
e T-T,
10 (7 #/=02 e Slab
o0 I I
o T i For k/hL = 4.167
o7 and x/L = 1, ©/0,
26 =0.875
o By Previously found
o3 A that ©, = 0.62
|
02 So slab
Ol 1.0
o CH Plate Component Of
R product solution
B =l is (0.62)(0.875) =

Eallforyi pate Lnigensit Figure 4-15(b) in Cengel, . 4
NOI‘t]II‘Idge Heat and Mass Transfer 0 S 3 m

ME 375 Heat Transfer

© _T1-T,

0, To-T., k/hry = 6.25 .
E— Cylinder
peyaiis
os 104 « For k/hr, = 6.25
o7 and rir, =1, ©/0,
06 0.6 =0.93
o « Previously found
03 [JU% that ®, = 0.22
02 _ﬁﬁ » So cylinder
0-(‘] i component of

T 10 w w0 product solution
- JL is (0.22)(0.93) =
Califiorni State Universit Figure 4-15(b) in Cengel, 0205 72

Calif
Nort]lridge Heat and Mass Transfer
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Unsteady Conduction

February 28 and March 7, 2007

[

Multidimensional Solution V

T

T(L,ry,t)-T, (Tl t)-T,, T(LY)-T,
T-T, fiite | T, —T, )infinite| T, T, Jinfinite
dab

cylinder cylinder

[%j e = (0.205)(0.543)=0.111
I ” cylinder
Tedge = T(L. 15,3600 ) =T, +(T, - T, }0.111) =

20°C +(400°C - 20°c}0.111) 62°C

r_.rhrm- a1 Seate University 73
Northridge

(

Repeat Using One-term Values

T(L,r,t)-T,, [ T(rg,)-T, T(L,t)-T,
Ti —T30 finite - TI —Tco infinite 'I'I —T30 infinite
cylinder cylinder

Ti —TOO infinite L

slab

T(r't)_Too _ —7»:2[1' r
( T-T, Jinfinite =AST ME

cylinder

r_.rhrm- a1 Seate University 74
Northridge

Repeat Using One-term Values I

For infinite slab, T = 2.40 and Bi = 0.24;
interpolation in Table 4-2 for Bi = 0.24 gives A,
=0.4684 and A, = 1.0367

_ 2
Ti —ToO infinite L

slab

—1.0367e (046847 (240) o 0 4684 90 M | _ 0 546
015m

Callifiorni Stase Univensity 75
Northridge

Repeat Using One-term Values Il

For infinite cylinder, T = 5.40 and Bi = 0.16;
interpolation in Table 4-2 for Bi = 0.24 gives A,
=0.5469 and A, = 1.0388

Try)-T, o =A19_X§TJO ML
Ti —TOO infinite )

cylinder

—1.0388¢ (5469)° (5‘40)J0[0.5469 gimJ =0.191
Am

Callifiorni Stase Univensity 76
Northridge

Repeat Using One-term Values |V
Now have individual terms in product solution

T(L,r,t)-T, [ T(rg,t)-T, T(L,t)-T,
Ti -T finite - 'I'| —TGO infinite TI _Tw infinite
dab

* cylinder cylinder
=(0.546)(0.191)=0.1045

Tedge = T(L. 15,3600 5) =T, +(T; - T, )(0.1045) =
20°C+ (4oo°c - 20°clo.1045) =60°C

x'_.rhfm- i1 Spate Liniversit 7
Northridge

ME 375

Heat Transfer

Interpolation

+ Given table with two data pairs (x,,y,)
and (x,,Y,) we want to find y for some
value of x between x, and x,

Y= % X=X
=y +—=—=(X=X )=y +
e — (x=x)=w _—
» Here known x is Bi and we are trying to
find y = A, so interpolation formula is

Moa—Mi,o. o
A=A, +———(Bi—BI
=Mty T ( 1)

(Y2- 1)

('_.r||f|r|- 1 Spate Lniversit 78
Northridge
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Unsteady Conduction February 28 and March 7, 2007

B| .'.]
0.01 0.0998 :
00s oian Interpolation |l
0.04  0.1987 .+ Find 2, for Bi = 0.24
22; g' g;g? —Bi=0.24is between
o aan Bi, = 0.2 (1, , = .4328) and
05 oases Bi, = 0.3 (A, = .5218)
0.3 0.5218 VY
0.4 05932 A=Ay + 22 2 (Bi-Bi))
0.5 0.6533 ~  Bi,-Bjy
0.6  0.7051
0.7 07506 - 4328+ M(M—,Z)
0.8 0.7910 3-2
Nouheiage ~ =-4684 e

ME 375 Heat Transfer 14



