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� /W/ 5XOHV :LWK 6LPSOLI\LQJ )HDWXUHV

,Q WKLV FKDSWHU� ZH GHVFULEH UHJLRQV RI /W/ VSDFH ZKHUH WKH UXOHV KDYH VRPH VRUW RI

UHJXODULW\ SURSHUW\� ,Q VHYHUDO FDVHV� VRPH RI WKH /W/ UXOHV DUH ZHOO NQRZQ� ,Q WKRVH FDVHV�

ZH GLVFXVV WKH NQRZQ UXOHV� ILUVW LQWHUSUHWLQJ WKHP LQ WHUPV RI /W/ SDUDPHWHUV DQG WKHQ VWDWLQJ

NQRZQ UHVXOWV DV ZHOO DV XQSURYHG FRQMHFWXUHV� ,Q VRPH FDVHV� ZH SHUWXUE WKH UHVXOWV WR D

ODUJHU /W/ VXEVSDFH QRW FRQWDLQHG LQ WKH NQRZQ VXEVSDFH� ,Q RWKHU FDVHV� ZH HVWDEOLVK UHVXOWV

DQG PDNH FRQMHFWXUHV DERXW QHDUE\ /W/ UXOHV�

��� 6\PPHWULF /W/ 5XOHV

$ VLPSOLI\LQJ IHDWXUH IRU D WZR VWDWH &$ UXOH WR KDYH LV V\PPHWU\ LQ WKH VWDWHV� 7KLV

PHDQV WKDW WKH FRQGLWLRQV IRU VZLWFKLQJ IURP HDFK VWDWH WR WKH RWKHU DUH WKH VDPH� ,Q WKH FDVH

RI /W/ UXOHV� WKLV PHDQV WKDW WKH FRQGLWLRQV IRU ELUWK DUH WKH VDPH DV WKH FRQGLWLRQV IRU GHDWK�

6LQFH /W/ UXOHV DUH GHILQHG E\ LQWHUYDOV IRU ZKLFK ELUWK DQG VXUYLYDO WDNH SODFH� LW LVFRQQHFWHG

HDV\ WR FKHFN WKDW WKHUH DUH RQO\ WZR VHWV RI V\PPHWULF /W/ UXOHV� 7KHVH DUH WKH VHWV RI UXOHV

IRU ZKLFK ERWK WKH ELUWK DQG VXUYLYDO LQWHUYDOV DUH DW RQH H[WUHPH RU WKH RWKHU� 7KDW LV� WKHVH

DUH WKH UDQJH ER[ /W/ UXOHV ZLWK SDUDPHWHUV WKDW VDWLVI\�
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�,Q WKLV VHFWLRQ LW LV FRQYHQLHQW WR XVH WKH QRWDWLRQ ��O O y ­� ] �®D � �

%\ � D VLWH VZLWFKHV VWDWH LI WKHUH DUH VLWHV RI WKH RWKHU VWDWH LQ LWV­�® DW OHDVW �

QHLJKERUKRRG� 2Q WKH RWKHU KDQG� E\ � D VLWH FKDQJHV VWDWH LI LW VHHV VLWHV RI WKH­��® DW PRVW �

RWKHU VWDWH LQ LWV QHLJKERUKRRG� ,Q WKDW VHQVH� WKHVH UXOHV DUH FRPSOHPHQWDU\� LV FDOOHG WKH­�®

WKUHVKROG YRWHU DXWRPDWRQ DQWL�YRWHU DXWRPDWRQ�79$� DQG LV WKH � /HW XV GLVFXVV­��® �$9$�

NQRZQ UHVXOWV IRU WKH 79$»

�»� ^ »$ 7KUHVKROG YRWHU DXWRPDWRQ
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7KH 79$ LV W\SLFDOO\ GHILQHG DV IROORZV�

7KH LV D GHWHUPLQLVWLF GLVFUHWH WLPH SURFHVV LQ ZKLFK� DWWKUHVKROG YRWHU DXWRPDWRQ

HDFK WLPH � WKH YRWHU DW H[DPLQHV WKH RSLQLRQV RI KHU QHLJKERUV LQ � DQG FKDQJHV KHU! % % ]D

VWDWH LII DW OHDVW QHLJKERUV KDYH WKH RSSRVLWH RSLQLRQ� �6HH >'6@���

,Q >'6@ WKH\ XVH QHLJKERUKRRGV � � ZKHUHD �y ³& � OO&OO | ´ � � ¯�¼B°�

OO&OO y ­O& O ] O& O ] »»» ] O& O® ¼ � � ¯�¼B®¼ OO&OO y O& O� � � � B � �
�«� � ,W LV LQ WKLV VHWWLQJ WKDWVXS

WKH\ PDNH WKH IROORZLQJ FRQMHFWXUHV DQG VWDWH WKH WKHRUHP� :H DUH LQWHUHVWHG LQ WKH WZR�

GLPHQVLRQDO FDVH ZLWK UDQJH ER[ QHLJKERUKRRGV � $V VXFK� WKH IROORZLQJ­� y �® ­� y B®�

WKHRUHP DQG FRQMHFWXUHV DSSO\ WR UDQJH /W/ UXOH ZLWK SDUDPHWHUV�

� � � D � D � � D �� � � �y ¼ y O O ^ �¼ y O O ^ ­ ^ �®¼ y O O ­ } �®»DQG

$V PD\ EH FOHDU IURP WKH QDPH� LQ WKH 79$� VZLWFKLQJ VWDWHV LV WKRXJKW RI DV

VZLWFKLQJ SROLWLFDO SDUWLHV� �)RU ZKDW PD\ EH PRUH DSSURSULDWH WR WKLV HOHFWLRQ \HDU� VHH >*UL@

IRU D GLVFXVVLRQ RI WKH PXOWL�SDUW\ FDVH�� %DVHG RQ D FRPSDULVRQ ZLWK UHVXOWV DERXW WKH RQH�

GLPHQVLRQDO 79$ JLYHQ LQ >)*@� 'XUUHWW DQG 6WHLI PDNH WKH IROORZLQJ �QDWXUDO� FRQMHFWXUH

�VHH >'6@��

&RQMHFWXUH ��»�»� 7KH V\VWHP�
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7KH\ KDYH PDGH D OLWWOH SURJUHVV RQ LQ WKH IROORZLQJ WKHRUHP�­���®

7KHRUHP ��»�»� /HW EH WKH HYHQW WKDW DOO VLWHV ZLWK QHYHU FKDQJH� 6XSSRVH) % OO%OO | �� �

� � D �y O O { �ZLWK � ,I ZH VWDUW IURP SURGXFW PHDVXUH ZLWK GHQVLW\ WKHQ IRU DOO �� �

� �

7 ­) ® ¡ � ¡ B� DV ��

7KHRUHP LV DFWXDOO\ DERXW VLWHV WKDW QHYHU FKDQJH� DQG UHTXLUHV WKDW WKH UDQJH JR�»�»�

WR � 7KH\ PDNH D VLPLODU FRQMHFWXUH DERXW IL[DWLRQ�B
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&RQMHFWXUH ��»�»� /HW EH WKH HYHQW WKDW DOO VLWHV ZLWK IL[DWH LQ WKH VDPH( % OO%OO | �� �

VWDWH� 6XSSRVH ZLWK � ,I ZH VWDUW IURP SURGXFW PHDVXUH ZLWK GHQVLW\� � D �y O O � ­ ¼ ®� � �

� � �

WKHQ IRU DOO � DV �� 7 ­( ® ¡ � ¡ B� �

1RWH WKDW WKH IDPRXV 0DMRULW\ 9RWH UXOH �ZKHUH WKH YRWHU FKDQJHV KHU RSLQLRQ LII VKH

VHHV D RI WKH RSSRVLWH RSLQLRQ LQ KHU QHLJKERUKRRG� LV LQ WKH VHW RI UXOHV DERXW ZKLFKPDMRULW\

WKLV FRQMHFWXUH DSSOLHV� ,W LV JHQHUDOO\ EHOLHYHG WKDW WKH FRQMHFWXUH LV WUXH� +RZHYHU� GXH WR

WKH PRQNH\V�DW�WKH�W\SHZULWHU SULQFLSOH� DOO VRUWV RI SURRI�GHVWUR\LQJ FRQILJXUDWLRQV OXUN DQG

FDXVH ZKDW PD\ EH SDUDQRLG GHOXVLRQV�

6RPH SURJUHVV KDV EHHQ PDGH� KRZHYHU� RQ XQGHUVWDQGLQJ WKH G\QDPLFV RI WKH

0DMRULW\ 9RWH UXOH� /HW XV LOOXVWUDWH WLPHV � � � DQG RI WKH UDQJH ILYH YHUVLRQ RI WKH UXOH� � � ��

VWDUWLQJ IURP D UDQGRP LQLWLDO VWDWH ZLWK HTXDO GHQVLWLHV RI WKH WZR RSLQLRQV �EODFN UHSUHVHQWV

WKH UHSXEOLFDQV DQG ZKLWH WKH GHPRFUDWV��

5DQJH 0DMRULW\ 9RWH �� /W/ UXOH	 ­	¼ 
�¼ ���¼ 
�¼ ���®

�VWDUWHG IURP SURGXFW PHDVXUH ZLWK GHQVLW\ ��� y �»	

WLPH WLPH� �
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WLPH WLPH� ��

$V ZH VHH DERYH� DIWHU MXVW RQH WLPH VWHS� WKHUH LV PDVVLYH VHOI�RUJDQL]DWLRQ� $IWHU

DQRWKHU XSGDWH� WKHUH LV D GUDPDWLF VPRRWKLQJ RI WKH HGJHV EHWZHHQ WKH FRORUV� $W WLPH WKUHH�

WKHUH LV D WZR�FRORU WHVVHOODWLRQ RI WKH DUUD\� DQG ZLWKLQ WKH UHVROXWLRQ RI D UDQJH 	

GLVFUHWL]DWLRQ� LW VXJJHVWV WKDW WKH ERXQGDULHV DUH FRQWLQXRXVO\ GLIIHUHQWLDEOH $W WLPHV IRXU»

DQG DIWHU� WKHUH LV FRQYH[LILFDWLRQ� DQG HURVLRQ RI ERXQGHG UHJLRQV� DFFRUGLQJ WR G\QDPLFV WKDW

DSSUR[LPDWH D FRQWLQXRXV IORZ NQRZQ DV � �)RU D EHWWHUPRWLRQ E\ PHDQ FXUYDWXUH

DSSUR[LPDWLRQ WR WKH FRQWLQXRXV IORZ RQH PXVW XVH D ODUJHU UDQJH�� %\ GHSLFWLQJ WLPH � ZH��

LOOXVWUDWH KRZ WKLV SURFHVV FRQWLQXHV XQWLO WKH ERXQGDULHV DFKLHYH XQLIRUPO\ VPDOO FXUYDWXUH� DW

ZKLFK SRLQW WKH V\VWHP IL[DWHV� :H FKRVH WR VWRS WKH HYROXWLRQ SULRU WR IL[DWLRQ� &DQ WKH

UHDGHU JXHVV ZKR ZLQV LQ WKLV FDVH" :LOO LW EH WKH GHPRFUDWV" 7KH UHSXEOLFDQV" 2U ZLOO WKHUH

EH D VWDQG�RII EHWZHHQ WKH WZR" :H OHDYH WKLV DV D OLWWOH SX]]OH� ,Q WKH VW\OH RI 5LHPDQQ�

WKHVH &$ DSSUR[LPDWLRQV� VXLWDEO\ VFDOHG� FRQYHUJH WR (XFOLGHDQ G\QDPLFV WKDW FOXVWHU

LQGHILQLWHO\� 5HVXOWV DORQJ WKHVH OLQHV� DV ZHOO DV SURJUHVV RQ WKH IL[DWLRQ RI 0DMRULW\ 9RWH�

DUH FXUUHQWO\ EHLQJ IRUPXODWHG E\ *UDYQHU DQG *ULIIHDWK�

%HIRUH UHWXUQLQJ WR WKH FXUUHQW GLVFXVVLRQ� ZH PDNH D IHZ FRPPHQWV DERXW WKH

FRQWLQXRXV WLPH YHUVLRQ RI WKH 79$� NQRZQ DV WKH WKUHVKROG YRWHU PRGHO� ,W LV GHILQHG LQ

>'6@ DV IROORZV�

7KHUH LV DQ LQGHSHQGHQW UDWH RQH 3RLVVRQ SURFHVV IRU HDFK ODWWLFH SRLQW³; ¼ � } �´
�
%

% � ; %j
� %

�
� $W WLPH � WKH YRWHU DW H[DPLQHV WKH SRLQWV LQ KHU QHLJKERUKRRG

³& � & ^ % � ´ %D �� ,I DW OHDVW QHLJKERUV KDYH WKH RSSRVLWH RSLQLRQ WKHQ WKH RSLQLRQ DW

FKDQJHV� RWKHUZLVH LW VWD\V WKH VDPH�

7KH IROORZLQJ FRQMHFWXUH DERXW WKLV PRGHO LV PDGH LQ >'6@�
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WKH V\VWHP FOXVWHUV VWDUWLQJ IURP SURGXFW PHDVXUH ZLWK GHQVLW\ �

�
»

%\ DGGLQJ UDQGRPQHVV WR WKH XSGDWLQJ RI WKH 79$� WKHUH LV KRSH IRU FOXVWHULQJ� 2Q

WKH RWKHU KDQG� WKHUH GR QRW VHHP WR EH DQ\ /W/ UXOHV WKDW FOXVWHU� ,QGHHG� IRU D UXOH WR

FOXVWHU� LW LV QHFHVVDU\ WKDW ODUJH VHWV RI JURZ� DV GR ODUJH VHWV RI � 7KLV UHTXLUHV D UXOH�  �  
Z Z

WKDW LV V\PPHWULF LQ DQG � 7KXV� LI WKHUH ZHUH DQ /W/ UXOH WKDW FOXVWHUHG� LW ZRXOG EH D�  �  
Z Z

79$ RU DQ $9$� 2I WKRVH UXOHV� 0DMRULW\ 9RWH VHHPV WR EH WKH PRVW OLNHO\ FDQGLGDWH IRU

FOXVWHULQJ� $V ZH KDYH GLVFXVVHG� 0DMRULW\ 9RWH LV NQRZQ �HPSLULFDOO\� WR IL[DWH� VR ZH DUH

RXW RI OXFN� +RZHYHU� ZH VWLOO LQFOXGH WKH GLVFXVVLRQ EHFDXVH RI WKH LQWHUHVWLQJ SDUDGR[ LW

SRVHV� ,I D WZR VWDWH UXOH FOXVWHUV� WKHQ UHJDUGOHVV RI ZKLFK VWDWH D ODUJH FRQQHFWHG

FRPSRQHQW RI RQH VWDWH LV LQ� LW ZLOO JURZ� EXW LI LW HQFRXQWHUV D ODUJHU VHW RI WKH RWKHU VWDWH� LW

ZLOO JHW GHYRXUHG� 7KH UHVROXWLRQ LV WKDW DOWKRXJK D ODUJH QRQFRQYH[ VHW KDV WKH FDSDELOLW\ WR

JURZ� WKHUH LV DOZD\V VRPHWKLQJ ELJJHU RI WKH RWKHU VWDWH RXW WKHUH WKDW ZLOO EHDW LW LQ D

FRPSHWLWLRQ�

�»� ^ %� $QWL�YRWHU DXWRPDWRQ

$OO RI WKH IROORZLQJ VWDWHPHQWV DUH DERXW WKH UDQJH /W/ UXOH ZLWK SDUDPHWHUV�
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)RU WKLV UXOH� ZH PDNH WKH IROORZLQJ FRQMHFWXUH WKDW LV EDVHG RQ HPSLULFDO GDWD DV ZHOO

DV FRPSDULVRQ ZLWK WKH 79$� ,W LV WKH $9$ DQDORJXH WR &RQMHFWXUH �»�»�»

&RQMHFWXUH ��»�»� 6WDUWLQJ IURP DQ\ LQLWLDO FRQILJXUDWLRQ� WKH V\VWHP�
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:H DOVR PDNH WKH IROORZLQJ FRQMHFWXUHV DERXW WKH $9$�
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&RQMHFWXUH ��»�»	 /HW EH WKH HYHQW WKDW IRU HDFK ZLWK � HYHQWXDOO\ KDV( % OO%OO | � ­%®� � !�

SHULRG LQ � 6XSSRVH ,I ZH VWDUW IURP SURGXFW PHDVXUH ZLWK GHQVLW\ WKHQ IRU� ! }�
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&RQMHFWXUH ��»�»
 /HW EH WKH HYHQW WKDW DOO VLWHV ZLWK � IL[DWH LQ WKH* % OO%OO | � ­%®� � !�

VDPH VWDWH� 6XSSRVH ZLWK ,I ZH VWDUW IURP SURGXFW PHDVXUH ZLWK� � D �y ­O O ^ �® � ¯�¼ °�
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»

GHQVLW\ WKHQ IRU DOO � DV ��
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�»� ^ &� /W/ 5XOHV QHDU WKH 79$ RU $9$ �� IL[DWLRQ DQG ORFDO SHULRGLFLW\

1RZ ZH H[WHQG WKH FRQMHFWXUHV DQG WKHRUHP DERYH WR QHDU�E\ /W/ UXOHV�

&RQMHFWXUH ��»�»� 6XSSRVH WKH UDQJH /W/ UXOH KDV SDUDPHWHUV DQG� � D� y O O ^ �

� D� y O O� 7KHQ VWDUWLQJ IURP DQ\ UDQGRP LQLWLDO FRQILJXUDWLRQ� WKH V\VWHP
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&RQMHFWXUH ��»�»� 6XSSRVH WKH UDQJH /W/ UXOH KDV SDUDPHWHUV DQG � 7KHQ� � �� �y � y �

VWDUWLQJ IURP DQ\ UDQGRP LQLWLDO FRQILJXUDWLRQ� WKH V\VWHP

­�® } ¼ |LV XQLIRUPO\ ORFDOO\ SHULRGLF LI DQG �� �� �

O O^� O O^�
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D D
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:H DUH QRW \HW FRQYLQFHG WKDW WKH SUHYLRXV WZR FRQMHFWXUHV VKRXOG FRQWDLQ WKH �RQO\

LI� VWDWHPHQWV� DV GLG WKRVH PDGH DERXW WKH 79$ DQG $9$�

7KH IROORZLQJ WKHRUHP LV DQ H[WHQVLRQ RI 7KHRUHP WR /W/ UXOHV QHDU WKH 79$�»�»�

DQG D JHQHUDOL]DWLRQ WR LQLWLDO VWDWHV ZLWK DUELWUDU\ GHQVLW\ �� ­� z � z �®
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7KHRUHP ��»�»� /HW EH WKH HYHQW WKDW DOO VLWHV ZLWK QHYHU FKDQJH� 6XSSRVH) % OO%OO | �� �

WKH V\VWHP VWDUWV IURP SURGXFW PHDVXUH ZLWK GHQVLW\ DQG WKDW�

� D � D� �y O O ^ � y O ODQG �
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7R GR WKH SURRI� ZH ZLOO QHHG WKH IROORZLQJ /HPPD IURP >'6@�

/HPPD ��»�»� 6XSSRVH 7KHUH DUH FRQVWDQWV DQG VR WKDW LI DQG� z » 9 � } 9�

� � � ��
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/HPPD HVVHQWLDOO\ VD\V WKDW D ODUJH EDOO LV ORFDOO\ IODW� 7KLV PHDQV WKDW VLWHV�»�»�

LQVLGH WKH EDOO DQG QHDU WKH ERXQGDULHV VHH DOPRVW DV PDQ\ VLWHV LQVLGH DV WKH\ ZRXOG KDYH VHHQ

KDG WKH\ EHHQ LQVLGH D KDOI�VSDFH�

3URRI RI KHRUHP �; �»�»� &RQVLGHU D VLWH % � ) ­�¼ � ® �» � �� � WKDW LV LQ VWDWH 3LFN DQG VR WKDW
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:H DOVR QHHG WKH IROORZLQJ ODUJH GHYLDWLRQV UHVXOW IURP &KDSWHU RI >'XU�@��

/HW EH WKH VXP RI L�L�G� UDQGRP YDULDEOHV� � � ���� � WKDW WDNH WKH YDOXH: � ? ? ? �� � � �

ZLWK SUREDELOLW\ DQG ZLWK SUREDELOLW\ � 7KHQ IRU �� � � ^ � � z �

OLP ORJ
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^ �� IRU DOO

2EVHUYH WKDW WKH DERYH FRXQWV WKH QXPEHU RI L�L�G� UDQGRP YDULDEOHV � � ���� WKDW DUH LQ? ? ?� � �

VWDWH � ,W FDQ DOVR EH XVHG WR FRXQW WKH QXPEHU UDQGRP YDULDEOHV WKDW DUH LQ VWDWH E\� �

UHSODFLQJ ZLWK DQG OHWWLQJ� � ^ � : y ­� ^? ®»� �
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�
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6LQFH WKH ODUJH GHYLDWLRQV UHVXOW VWDWHG DERYH JLYHV� z
�
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�,Q WKH VSLULW RI 'XUUHWW� LV DQ XQLPSRUWDQW FRQVWDQW WKDW FKDQJHV IURP OLQH WR OLQH���

&RPELQLQJ WKLV ZLWK /HPPD JLYHV WKDW LI � WKHQ�»�»� � } 9�

7 ­ ) ­�¼ � ® �O O � ® ¡ � ¡ BDOO VLWHV LQ KDYH DW OHDVW QHLJKERUV WKDW DUH 
V DV �� � D �

7KXV� ZLOO KDYH DW PRVW 
V LQ LWV QHLJKERUKRRG� %\ WKH FKRLFH RI �% ­� ^ �®O O � � ­� ^ �®O OD D

z % ���� 7KXV� ZLOO QRW FKDQJH VWDWH DW WKH QH[W WLPH VWHS� ,W IROORZV WKDW QR ZLOO EHFRPH D
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&RPELQLQJ WKLV ZLWK /HPPD JLYHV WKDW LI � WKHQ�»�»� � } 9�

7 ­ ) ­�¼ � ® �O O � ® ¡ � ¡ BDOO VLWHV LQ KDYH DW OHDVW QHLJKERUV WKDW DUH 
V DV �� � D �
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