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ABSTRACT. Existence of global in time, spatially inhomogeneous, and L!-renormalized solutions is proven for
the model of simple reacting spheres under the assumptions that initially the system has a finite total mass,

energy, and entropy.

1. INTRODUCTION

The kinetic theory of simple reacting spheres (SRS) had been proposed by Marron [1] and further developed by
Xystris and Dahler [2]. In the model the molecules behave as if they were single mass points with two internal
states of excitation. Collisions may alter the internal states (this occurs when the kinetic energy associated with
the reactive motion exceeds the activation energy) but can not transfer mass from one molecule to another.
Reactive and non-reactive collision events are considered to be hard spheres-like. I start by considering a four

component mixture A, B, A*, B*, and the chemical reaction of the type

A+B= A"+ B". (1.1)

Here, A* and B* are the distinct species from A and B. In the paper I use the indices 1, 2, 3, and 4 for the
particles A, B, A*, and B*, respectively. I assume no net mass transfer in reactive collisions; this implies
m1 = mg and mo = my, where m; denotes the mass of the i-th particle, ¢ = 1,...,4. Reactions take place
when the reactive particles are separated by a distance o192 = %(dl +ds2), where d; denotes the diameter of the
i-th particle. Since in the SRS model reactions do not change diameters of the particles, d; = d3 and ds = d4.
The last set of equalities also implies that o34 = %(dg +d4) = 012. I note that by not allowing the hard sphere

diameter to change upon reaction one avoids complications of producing overlapping configurations (see, [3]).

Key words and phrases. Kinetic theory of gas mixtures, chemical reactions, reacting mixtures, simple reacting spheres, hard-

sphere systems, initial value problem.
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In contrast to some more advanced models of chemical reactions considered in the literature (see e.g., the
references in [1] for multiply reacting rigid spheres (MIRS) models), internal degrees variables do not appear
explicitly in the collisional integrals of the kinetic equation based on the SRS model. The SRS, being a
natural extension of the hard—sphere collisional model, reduces itself to the Enskog theory when the chemical
reactions are turned off. Furthermore, in the dilute—gas limit it provides an interesting kinetic model of

chemical reactions that has not been considered before.

In a series of papers C. P. Griinfeld and E. Georgescu ([4], [5]) consider a general class of Boltzmann-like
kinetic equations with multiple inelastic collisions, where they prove existence and uniqueness of vacuum-type
solutions for small initial data. M. Groppi, A. Rossani, and G. Spiga in [6] and [7] formally analyze various
kinetic theories of chemically reacting gases , including gas-photon interactions. They show existence of an
H-function and described possible equilibrium solutions. Their results are based on the micro-reversibility
conditions that relate the differential cross-section scattering kernels before and after reactive collisions. In the
case of SRS, however, the reacting molecules behave like hard spheres before and after reactive collisions. Thus,
the micro-reversibility conditions reduce themselves to the symmetries of the separation distances 013 = 034

and the steric factors 3;; = (j; (see, (2.11)-(2.12)).

After introducing a general model in Section 2, I consider, in Section 3, important physical properties of the
dilute SRS kinetic equations. They will play a fundamental role in proving existence of renormalized solutions
(see, [8] for a single specie Boltzmann equation), global in time, and under the assumptions that, initially,
the system has a finite total mass, energy, and entropy. Section 4 contains the existence result and its proof.
This is the first part of a series of papers on kinetic equations of simple reacting spheres. The rigorous results
concerning asymptotical behavior, convergence to equilibrium, passage to hydrodynamics, and the case of the

dense-gas SRS kinetic equations will appear in forthcoming papers.

2. THE SRS KINETIC SYSTEM

Following [9], for each i (i = 1,...,4), fi(t,z,v) denotes the one-particle distribution function of the ith
component of the reactive mixture. The function f;(¢,x,v), which changes in time due to free streaming and
collisions (both elastic and reactive), represents at time ¢ the number density of particles at point z with

velocity v.
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In the case of elastic encounters between a pair of particles from species ¢ and s, the initial velocities v, w

take post—collisional values

=y — 2P ey - = w25 e v — w). 2.1
v =w mi€<€7v w), w =w+ mse<€7v w) (2.1)

Here, (-,-) is the inner product in R3, € is a vector along the line passing through the centers of the spheres at

m;Mms

is the reduced mass
mi+ms

the moment of impact, i.e., e € ST = {e € R?: [¢| = 1, (e, v —w) > 0}. Also, pis =

of the colliding pair, where m; and ms are the masses of particles from i-th and s-th species, respectively.

Finally, let us note that conditions m; = mg and ms = my imply p12 = pss. This property is crucial to prove

the main results in this work.

For the reactive collision between particles of species ¢ and s to occur (i,s = 1,...,4), the kinetic energy
associated with the relative motion along the line of centers must exceed the activation energy -; (defined

below),

1

s ({60 —w))” =, (2:2)

with € having the same meaning as above. In the case of the reaction A + B — A* + B* the velocities v, w

take their post-reactive values

b =v - &e[@,v—w) —oz], w —w—&—&e[(e,v—w) —oz], (2.3)
mq ma

with o= = \/(<€7’U — w>)2 —2F.ps/p12 and, Egps, the energy absorbed by the internal degrees of freedom.

The absorbed energy F,;,s has the property
Eabs = E3 + E4 - El - E2 > 07 (24)

where E; > 0,4 =1,...4, is the energy of i-th particle associated with its internal degrees of freedom.

Now, in order to complete the definition of the model, the activation energies v1, v2 for A and B are chosen
to satisfy 71 > Egaps > 0, and by symmetry, 72 = 1.

For the inverse reaction, A* + B* — A + B, the post—reactive velocities are given by

of :U—@e[<e7v—w> —a+], w' zw—&-@e[(e,v—w) —aﬂ, (2.5)
ms my

with at = \/(<€,’U - w>)2 + 2E 445/ p34, and the activation energies for A* and B*, v3 = 71 — Eups and, as

before, v4 = 3.
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The pairs of velocities in (2.3) and (2.5) satisfy conservation of the momentum
miv + mow = mlv:t + mgwi = mg,v:t + m4wi, msv + myw = m3vJf + m4wT = mlef + mng; (2.6)

they do not, however, obey conservation of the kinetic energy. A part of kinetic energy is exchanged with the

energy absorbed by the internal states. The following equalities hold:

miv? + mow? = mlvi2 + mzwi2 + 2FE s = mg,vi2 + m4wi2 + 2F s,
(2.7)

2

m3v2 + myw” = mgvT2 + m4wT2 —2F s = mler2 + meT2 —2F 5.

Also, it is easy to show that the relatives velocities before and after reactions, i.e., V =v —w, Vi = vt — wt,

and VT = ot — w', respectively, satisfy the identities

2Eabs7 VTQ _ V2 + 2Eabs )
12 34

VE =V (2.8)

Finally, the reactive collisions A + B = A* + B* can be also represented in the form i + j — k + [, where the

set of indices (4, 4, k, ) can be enumerated:

(1,2,3,4), (2,1,4,3), (3,4,1,2), (4,3,2,1) (2.9)
Now, for ¢ =1,...,4, the SRS kinetic system can be expressed as follows
ofi  Ofi .5 g
T Ji TG (2.10)
with
4
JE = Z{ofs // [fi(f)(t, z,v 1 — oise,w') — fi(f) (t,z,v, T + 0456, w)] O ({e,v —w)) {e,v — w) dedw}
s=1 R3 x§?
- ﬁijofj // [fl.(jz)(t, z,v x — oe,w') — fl.(jz)(t, T, T + 0456, w)] O ({(e,v —w) — Ty;) (e, v — w) dedw,
R3 xS2
(2.11)
and

JZR :ﬂijaizj //|: lglz)(tazavg7x_gijevwi?) _fi(jz)(tv'rvvvx+0ij€aw):|®(<€7v_w> _Fij) <€,’U—’LU> dedw.

R3 xS§2
(2.12)

Here, the function fi(s2 ) approximates the density of pairs of particles in collisional configurations, 0 < 3;; < 1

is the steric factor for reactive collisions between species i and j, I';; = 1/2v;/pij, and © is the Heaviside step

function. The prime velocities in (2.11) are given in (2.1). The pair of velocities (v, v?) refers to post-reactive
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velocities described either in (2.3) or (2.5), i.e., (vg,w%) = (v}, wt) for i,j = 1,2, and (vg,w%) = (vf,wh)

for 4,j = 3,4. Also, the index pairs (i,7) and (k,1) appearing in (2.11)-(2.12) are associated with the set of

indices (3, j, k,1) specified in (2.9).

The first term of (2.11) is a hard-spheres collision operator with the usual pre-collisional range of integration,
while the second term of (2.11) singles out those pre-collisional states that are energetic enough to result in

reaction. The collision operator in (2.12) is purely reactive.

When the steric factors 3;; = 0, i.e., there are no reactive collisions, and f (2)

.5 1is the exact two-particle distri-

bution function, system (2.10)—(2.12) becomes the exact first BBGKY hierarchy system for a four component
hard—spheres mixture (with the diameters and masses satisfying d1 = ds, do = d4 and m; = ms, ma = my,
respectively). As in the kinetic theory of non—reactive mixtures, different ways in which one approximates the
two—particle distribution function fi(jz) give rise to different kinetic equations. For this purpose it is convenient

to write fl-(jz) in form of the closure relation

Oty 2,0, y,w) = Yij (te,v,y,0 [{Aifi}) filt,2,0) f(t g, w), (2.13)

where Y;; is assumed to be given, for each ¢ and j and for each fixed ¢ > 0, A = (A1, Aa, Az, Ay) is an (possibly
nonlinear) operator acting on (f1, f2, f3, f1), typically through one or more velocity moments, In [10] various
forms of A and the resulting kinetic equations were considered. For example, in the case of the revised Enskog

system for non-reactive mixtures (see, [11] and [12]) Yi; = Yij*#7 has the form

VAP = i) (v, a [ {na(t,)}) (2.14)

where n;(t,z) = [ps fi(t,z,v)dv is the local number density of the component i and g@)

i 1s the pair cor-

relation function for a non-uniform system at equilibrium with the local densities n;(¢,z). The notation

gﬁ)(:zrl, x2 | {ni(t,-)}) indicates that gg) is a functional of the local densities n;.
In this work, I will be concerned only with the dilute-gas limit of the system (2.10)-(2.12). Formally at least,
one can show that when o;; — 0, n; — 0, with n;07; — const # 0 and n;oy; — 0, then gg) — 1in (2.14).
Another (more ad hoc) way to obtain the system of reactive kinetic equations for dilute-gas regime is to take

Y;; =1, for i =1,...,4 and assume that the change of f;(¢,z,v) over a length o;;, for arbitrary ¢ and v, is

negligible (resulting in f;(t, z,v) = fi(t,x + 04j€,v)).
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Let us notice that in the dilute-gas limit the system (2.10)-(2.12), with 8;; = 0 (no reactive collisions),
becomes the Boltzmann system for hard—spheres mixture. This fact becomes even more important if one
realizes that the cross sections of gas phase reactions are usually smaller as compared to the non-reactive
collisions. This way the reactive collision terms can be considered as perturbative corrections to non-reactive

collisional terms.

3. PROPERTIES OF THE DILUTE SRS KINETIC SYSTEM

The main result of this work is the global existence theorem for the dilute-gas system

Of; +v8f1-

—JELJR 4 - f j = ’
5t &E—JZ +J:° fi(0,z,0) = fio(z,v), i=1,...,4, (z,v) € QxR (3.1)

JE = Z{a J[ |ttty = fi 0] € (e = w) 0 - w) ded}

s=1 R3 x §?

— ﬂija?j // {fi(t,x,v’)fs(t,:c,w’) — filt, z, v)fs(t,:c,w)} O ({(e,v —w) — Ty;) (e, v — w) dedw,
R3 x§?

and

Jht = Bijor; // {fk(t,:c v filt, wg) — fit,z,v) f;(t, x, w)] O ((e,v —w) —T'y;) (e,v — w) dedw,  (3.3)

Y ij
R3 xS2

where fi0, ¢ = 1,...,4 are suitable nonnegative initial conditions that will be defined later. The gas mixture
is confined in 2 C R3. T consider two choices for the set Q:, Q = R3, or Q being a 3-dimensional torus [0, L]?,

L > 0. The latter choice corresponds to case of the periodic boundary conditions on [0, L]3.
The following properties of (3.1)—(3.3) are crucial in proving the existence result.

Proposition 3.1. Assume that 3;; = (5 for (i,5) € {(1,2),(2,1),(3,4),(4,3)}. Then for ¢; measurable on

Q x R3 andfiEC'o(QXRg),i:l,...,4,

) [ o o= Sy J[[ i@+ 6.0 - dx6o.0) = (o) ¢
=)

i=ls=1  pslpsyg? (3,4)

[fi (V) fs(w') — fi(v) fs(w)] O{e,v — w)) (e, v — w)E;5 dedwdv,
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4
0" dv = Br2072¢1(x,v) + Ba1051 ¢, w) — B3403,¢3(w, 1) — Busoisda(w, wh)] x
;RZ /// [Braoizén 2192192 3403493 430304 ]

e (3.5)

[fg(I, vi)f4(:c, wi) — fi(z,v) fa(x, w)} O({e,v — w) — T'12){e, v — w) dedwdv,

and

4
GiJ" dv = 33403463 (2,v) + Bazoisda(z, w) — Praoisdr(z,v1) — Barod da(z,vh)] x
;R/s /// [34 3473 4394394 1201291 2109192 ]

R3 xR3 xS2 (3'6)

[fi(z,v") fo (2, wh) = fa(z,v) falz, w)] O((e,v — w) — T'54)(€, v — w) dedwdo,

where X;s, appearing in (3.4), is given by

%@«6, v—w)—T4) + %(1 — Bis)O([Tis — {e,v —w)), if (i,8) €I;
Sis = 10((e,v —w)), if i=s; (3.7)
10((e,v — w)), otherwise,

with T ={(1,2),(2,1),(3,4),(4,3)}.
The post-collisional velocities, v' and w' are given in (2.1), while the post-reactive velocities, o, wt and of,

wt, are given in (2.3) and (2.5), respectively.

Proof. The proof of (3.4) is standard, see, for example, [13] for single specie treatment. The proof for mixture
gases is similar: it is based on the fact that the absolute value of the Jacobians of the transformations
(v,w) — (v, w") and (v,w) — (w,v) are one, together with the identity (e, v — w) = (—e, w — v). The change
of variables, (v,w) — (V',w’), (v,w) — (w,v), and € — —e, together with the fact that 8,5 = Bs;, results
in (3.4). The multiplicative factor X, comes from the fact that second term of the non-reactive collisional
integral (3.2), with §;; in front of it, singles out those pre-collisional states that are energetic enough to result

in the reaction, and thus preventing double counting of the events in the collisional integrals (3.2)—(3.3).

In order to prove (3.5) and (3.6) one needs the following lemma.

Lemma 3.1. For fived ¢, the Jacobians of the transformations (v, w) — (vi,w') and (v,w) — (v, w?) are

given by {e,v —w)/at and (e,v —w)/a~, respectively. Furthermore, (e,v" —w') = at and (e, vt —wt) = a~.
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Proof of Lemma 3.1. If J(v,w';v, w) and J(G;‘M,VT;G@,, V) denote the Jacobians of the transformations

(v,w) — (v, wh) and (Gas, V) — (GL,, V1), respectively, where

Gs4(v,w) = mazv + maw, (the velocity of the center of mass before reaction)
V(v,w) =v—w, (the relative velocity before reaction)
(3.8)
GZ‘M(UT, wh) = mav’ + mywt, (the velocity of the center of mass after reaction)
Vi wh) =" —wf, (the relative velocity after reaction)
then the following equality holds
Jh wh v, w) = J(h,wh GL,, VHI(GL,, Vi Gag, V) I (Gaa, Vv, w) = J(GL,, Vi Gay, V). (3.9)

Note that J(UT,wT;G§4,VT) = 1/J(G34,V;v,w). Next, the conservation of momentum before and after

reaction implies that G, = G4 (see, (2.6)), and thus
J(GLy Vi Gsy, V) = T (VE, V), (3.10)

where J(VT,V) is the Jacobian of the transformation V + VT given by

2Eabs

Vi=V—elle,V)—at] =V -
e[(e, V) —aT] € o

(&, V) —4[{e, V)2 + (3.11)

The value of J(VT, V) is (e, V)//{e, V)2 + 257‘1:, This shows that J(vT, w';v,w) = (¢,v —w)/at. The proof
that J(v, w;v,w) = (,v — w)/a~ follows the same arguments as above. Finally, using the definitions (2.3)

and (2.5) together with simple algebra one obtains the identities (¢,v" — w') = ot and (¢,v* —wt) = a~.

This completes the proof of Lemma 3.1. O

Next, I consider the integrals

/glelR dv = 1205, /// ¢1(v) [fg(vi)ﬁ;(wi) — fi(v) fa(w)] (e, v — w)O((e, v — w) — T'12) dedwdv, (3.12)
R3

R3 xR3 x §2

/¢2J2R dv = ,6’21051 /// ¢2(v) [f4(vi)f3(wi) — fa(v) f1 (w)} (e,v —w)O({e,v — w) — '12) dedwdv, (3.13)
RS

R3 xR3 xS2

/¢3J§ dv = B3403, /// ¢3(v) [f1(0") fo(wT) — f3(v) fa(w)] (e, v — w)O({€, v — w) — I's4) dedwdv, (3.14)
RS

R3 xR3 xS2
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and

/gi)AlJfz dv = 43075 /// h4(v) [fg(’UT)fl(’LUT) — f1(v) fs(w)] (e,v — wYO((€,v — w) — T'34) dedwdv, (3.15)
R3

R3 xR3 xS§?
appearing in the sum on the left hand side of (3.5). In (3.12)—(3.15), I also suppressed = dependence in ¢;
and f;. Changing the variables of integration in (3.14)—(3.15) from (v,w) to (v, w') and using Lemma 3.1

one obtains

[onttao =gt [[[ 60 [0 — B0 fatw)] 0 — w)O((erv — w) — o) dedut !
R3

R3 xR3 xS2

(3.14')

and

Jourtias=puot, [[[ 0u0) 6D 1@ - HRW] (60" - )0 w) - o) dedut o'
RS

R3 xXR3x§?
(3.15")
Next, one notices that v and w (as the functions of v', w') become
— ot 4 B34 —w)—at] =of — #12 t_wt) — (v —
v=uv —|—m36[<e,v w) —at] =v mle[(e,v w') — (e, v — w)]
1
i M2 $ n o, 2Eabs 2Eabs)2}
=v' — —€|(,v —w') — €,v—w))" + -
mi {< > <(< % H34 H12 (3.16)
(e;vt —wt))?
=of = B2 (e, vt —wf) — o~ (of, wh)] = vF (v, w)
mi
and
ot H3 —w) —at] =t + H12 t_wt) — (v —
w m36[<€’v w) — o] —|—mle[<e,v w') — (e, v — w)]
1
oy, 2 i i 5 . 2Fabs 2Eabs>2]
=w'+ —¢€|(e,v —w') — €,V —w)) + —
m1 [< > ((< % H34 M1z (3.17)

(evt—w))?

—wh+ &6 [<€7UT _ wT> _ a_(UT,wT)} = wi(’UT’wT)7
my

where the identity (e, v’ — w') = a® (from Lemma 3.1) and the property of the reduced masses j12 = fi34

were used in (3.16)—(3.17).
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Similarly, since 12 = psq, one observes that

2Ea S 2 - Ea s 2Ea s 2
(6,0 —w))? > 2031 — Bass) /13 <= ((e,01 —w1))® = (6,0 — w))? + =2 > (n bs) 4 ooabs T
H34 34 H34 H12

(3.18)

thus implying that ©({e,v — w) — I'34) in (3.14’)~(3.15) can by replaced by O({e,v" —w') — '15).

Now, combining (3.16)—(3.17) and (3.18), (3.14’)—(3.15") take the form

/¢3J3R dv = ,6’34U§4 // gbg(vi) [fl(vT)fQ(wT) - fg(vi)f4(wi)] (e,vT - wU@((e, of — wT> —T'2) dedw dvt
RS

R3 xR3 xS2

(3.14")

and

/gi)AlJfz dv = 43075 /// gbi(v) [fg(’UT)fl(’LUT) — f4(vi)f3(wi)} (e, 07 —wHO((e,v" — w') — T15) dedw' dv'.
R3 R3 xR3 x§?

(3.15")
Next, change of the variables (v, w, €) — (w, v, —€) in (3.13) and (3.15”) together with renaming the integration
variables from (vf,w') to (v,w) in (3.14”)-(3.15"), and finally summing up the resulting left hand sides of

(3.12)—(3.15), results in (3.5).

Proof of (3.6) follows the same line of arguments; this time however, one changes the integration variables in
(3.12)-(3.13) from (v,w) to (v¥,w?). In this process v and w, as the functions of v*, w¥, become v’ and wf,

respectively. O

Remark 1. The assumption in Proposition 3.1 that f; € Co(Q x R3), for i = 1,...,4, is only needed to make

sure that all the integrals exist and are finite.

Proposition 3.1 has been proven under the conditions that 8;; = 8;; for (i,7) € {(1,2),(2,1),(3,4), (4,3)},
and p12 = p3q. Although it is possible to obtain extensions of Proposition 3.1 without any assumptions
on f;;, I will not consider here these generalizations. Furthermore, since we already have the identities
012 = 034 = 021 = 043, in order to have the conservation laws (of mass, momentum, and energy) built into
the model one has to require that 515 = (34. Below, I state the conditions that will be assumed from now on

in this work:
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Condition 1.

(1) Reactive distances: o012 = 034,

(2) Masses: mq = mg and mo = my, (implying 12 = ps4)

(3) Steric factors: 0 < 12 <1 and B12 = P21 = B34 = Sus,

(4) Internal energies: F; >0,i=1,...,4, and Eus = F3 + E4 — Es — F1 > 0,

(5) Activation energies: 3 = v2 > Egps and 43 = 4 = ¥1 — Eqps-

Now, under Condition 1 and in view of (3.4) and (3.5), one has, for any a,c € R and b € R3,

NS
&
=
&S|
QU
S
|
=

)
¢i(x,v) = am; + m;(b,v) + ¢ miv +FE|,i=1,...,4, —
2

-
Il
—

=
w

(3.19)
¢iJE dv = 0.

3

NS

s
Il
—

=

Property (3.19) implies that if f; is a nonnegative smooth solution of (3.1) on [0,T], T > 0, then, at least

formally, we have the following conservation laws for ¢ € [0, T':

Z // m; fi(t, z,v) dvdx = Z // m; fio(x,v) dude, (conservation of mass)

=loxRs Lo%Rs
(3.20)
Z / mvfi(t,x,v) dvdx = Z / m;v fio(z, v) dudz, (conservation of momentum)
LoxRs lowRs
(3.21)
4
Z // ( ) filt,z,v) dvdx = Z // ( EZ-) fio(z,v) dvdz, (conservation of energy)
=loxRrs LoxRs

(3.22)

where fio(z,v), i = 1,...,4, are nonnegative initial conditions of the dilute SRS kinetic system (3.1). The
above conservation laws follow easily from multiplying the dilute SRS system by corresponding ¢;, integrating

with respect to (t,z,v) € [0,T] x Q x R3, and using (3.19).

An additional conservation law (along the characteristics of the streaming operator in the left hand side

4 4
of (3.1)) can be obtained by noticing that Y [ ¢;JFdv = 0 and Y. [ ¢;JFdv = 0 also for ¢;(z,v) =
1=1R3 i—=1R3

(z — tv)?
2

(z —tv)?

+FE; and any t € [0, T]. Next, after multiplying dilute SRS kinetic system (3.1) by m; 5

+E;

m;
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and integrating by parts, one has, for t € [0, T],

il// <M+El> fi(t7x7v)dvdx:i //(

i=lo Ra =15 Ra

2
m;x —i—EZ-) fio(z,v) dvdz, (3.23)

Similarly to the cases of the kinetic equations for a single specie (see, for example, [8], [14]), the conservation

laws (3.20)—(3.23) and non-negativity of f;, fio yield the following estimation

sup sup // 22 fi(t, 2, v) dvdx < Cy, (3.24)
i te[0,T
QxR3

where C; > 0 depends only on T, sup [[ z?f;dvdz, and on sup [[ (14 v?)f; dvdz.
i OxR3 i QxR3

Remark 2. The estimation (3.24) is superfluous in the case 2 = [0, L]3.

Proposition 3.1 also implies existence of a Liapunov functional (an H-function) for (3.1), consistent with
system’s physical equilibrium. For f; a smooth nonnegative solution, we multiply (3.1) by 1+ log f;, integrate

over 2 x R3, and use (3.4)—(3.5) (with ¢; = log f;) to obtain the following entropy identity:

%i //filogfidvdz

=g\ Rs

fi(0) fs(w')

fi(v) fs(w) )®(<€7 v —w))(e,v — w)=;s dedwdvdz

et [ [ ) - nw ] s

Bs=l o R3xREXS?

+ Br20iy // {[f3(vi)f4(wi)—fl(U)fz(w)}><

QXR3 xR3 xS?

1g(f1(v)f2(w))®(<, ) — T12)(e, >}dd dvdz = 0, (3.25)

with E;5 given in (3.7). It is important to notice that the second and the third terms in the left hand side of

(3.25) are nonnegative. Indeed, this follows from the inequalities

fs(vi)ﬁl(wi))

20, [fao) ) = (o)) og (LA

L) fuw) = fi(0)f, <w>} log <M>

fi(v) fs(w)
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for any i,s = 1,...,4. Next, integrating (3.25) over 0 < t; < 7 < t5 < T and using (3.26), one obtains the

corresponding H-theorem,

4
> // fi(t2)log fi(t2) dvdx < (3.27)

=10y Rs

_24: //fi(tz)logfi(tz)dvdz+/tt2 //A(v,{fi})dvdxz

=1 %Rks " OxRs

24: // fi(t2)log fi(ta) dvda+

=10y Rs

iél o /;;XL'X;R'E[y {fi(vl)fs(w/) - fi(v)fs(w)] log (%)6(@, v — w0 — w)Zs dedwdvdadr

+ e, | / - /S { [f3<vi>f4<wi> 5 <v>f2<w>] x

log <M> O((e,v — w) — T12)(e,v — w)} dedwdvdzdr

f1(v) fa(w)
= Z // fi(t1) log fi(t1) dvdz,
=10 Rs
since A(v, {f;}) > 0. This shows that, for a nonnegative solution f; of (3.1), the convex function H(t) defined
by
4
H(t)= Z // fi(t,z,v)log fi(t, x,v) dvdx (3.28)
i=1o Ra

is non-increasing in ¢.

Remark 3. If instead of (3.5) one uses identity (3.6), then the following (equivalent) entropy identities is true:

%i //filogfidvdz

i=1

QxR3
+ iél U?sﬂxés 'X;R!SZSZ [fi(vl)fs(w/) - fi(U)fs(w)} log (%)9(@0 —w)){e, v — w)E;, dedwdvda
onaty [ [{{A0DRW) - o]«
OQxR3 xR3 xS2
log (%) O((e,v — w) — T'zq){e,v — w>} dedwdvdz = 0. (3.29)

With the help of the entropy identity (3.25) and the inequalities (3.26) one can describe the equilibria solutions

of (3.1). First, it is convenient to define macroscopic quantities (as the moments of f;): the number densities
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n(t, z), the macroscopic velocity u(t, z), and the macroscopic temperature 7 (¢, x):

4
n;(t,x) = /fi(twm) dv, n(t,xz) = Zni(t,m); (3.30)
i=1

RS
i mng (t, x)u;(t, x) [ vfi(t,z,v)dv
(t I) o 4 ) ul(tvz) = RSﬂT; (3.31)
gmmz(t x) e\

3kn(t,x) Zmz/ v —u(t,z)]? fi(t, z,v) dv; (3.32)

=1 s

where k is the Boltzmann constant.

Proposition 3.2 (Equilibrium solutions). Assume Condition 1 and let n;(t,z) > 0, u(t,x), and T (t,x) >
0 be given measurable functions. Then for all 0 < f; € L*(Q2 x R3) with the moments given by (3.30)-(3.32)

the following statements are equivalent:

B m; \3/2 mi(v —u)?\ . _ Eqps
(1) fz—nl(ZwkT) exp (—T ,i=1,...,4, and nino = ngngexp =T )

(2) JE{f}) =0 and JR({f:}) =0, i = 1,....4,

24: [JE {fi}) + JlR({fz})} log f; dv = 0.

1=1R3

Proof. T proceed by showing that (1) = (2) = (3) = (1). The proof of the first implication follows from
substituting f;, given in (1), into the collision integrals JF and J and applying the conservation of mass,
momentum, and energy on the microscopical level (see (2.6) and (2.7) for the corresponding identities). The
second implication (i.e., (2) = (3)) is trivially satisfied. In order to show the last implication (3) = (1) one
observes that using Proposition 3.1

4

0=3 / B + TR log f: do

Sy [ [ e = s o (ZEEE D o((e o - wp)ie.o - )z dedududs

Fpont) fi(v)fS(w
QOxR3 xR3 xS2
ooty [ { [f3<vi>f4<wi> - fl(v)fz(w)} x
OxR3xR3xS2

1Og< fi(v) f2(w) >®(<’ ) — T12)(e, >}d dwdvdz, (3.33)
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where, as before, I suppressed ¢ and = dependence in f;. Next, inequalities Z;5 > 0 and (3.26) together with

fact that the for the function f(y,z) = (y — z) log (y) >0, y,z >0, the equality sign, (y — 2) log (y) =0,
z z

holds if and only if y = z, yield the set of functional identities for f;, : =1,...,4,
fi(W) fs(w') = fi(v)fs(w), almost everywhere in (v,w) € R® x R3, i,s=1,...4, (3.34)
f3(vH) fa(w) = f1(v) fa(w), almost everywhere in (v, w) € R? x R3. (3.35)
The solution to (3.34) is well known from the kinetic theory of non-reactive mixtures (see, for example, [13]):
fi(v) = exp (a; + (bi, v) + c;v?) (3.36)

for some a;, ¢; € R and b; € R?. Next, integrability conditions together with the normalization and constraints

(3.30)—(3.32) imposed on f; imply that

B m; \3/2 mi(v —u)? o
fi—nz (27‘(‘]{7') exXp <—T y 1= 17...,4. (337)

E(l S
Finally, for f; given in (3.37), the identity (3.35) is easily seen to be equivalent to n1ns = ngng exp < k']b' >,

which is expresses equilibrium reaction rate of the chemical processes in the mixture. ([l

Remark 4. For the proof of equilibrium solutions, found in Proposition 3.2, I utilized identities (3.4)—(3.5) of

Proposition 3.1. If instead of (3.5) one uses identity (3.6), then, in the proof, identity (3.35) is replaced by

fr(h fa(w') = f3(v) fa(w), almost everywhere in (v, w) € R® x R?, (3.38)

Ea S
which, for f; in (3.37), is also equivalent to ning = nsng exp ( ka )

4. EXISTENCE RESULTS FOR THE DILUTE SRS SYSTEM

The proof of the existence theorem presented bellow follows the ideas developed by R. DiPerna and P. L. Lions
([8]) for the non-reactive single specie Boltzmann equation. It has three ingredients: (1) use of the L!-weak
compactness argument that follows from the conservation laws (3.20)—(3.22) and the entropy identity (3.25),

(2) the velocity averaging lemma ([15]), and (3) a suitable notion of mild (or renormalized) solutions.

For the weak compactness argument one notices that if a nonnegative initial value f;o of the evolution system

(3.1) satisfies

sup // (14 2* +v* +1og™ fio) fio dvdz = Co < o0, (4.1)
’ OQxR3
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then (3.20)—(3.22), (3.24), and the entropy identity (3.25) yield the following estimation for a smooth and

nonnegative solution, f;, of (3.1)

sup sup // (1 + 22 + 0% 4+ log* fl) fidvdx = Cp < o0, (4.2)
i ost<T JJ
X

where log*(z) = max{+log(z), 0}.

Remark 5. When = [0, L]3, constant Cr in (4.2) is independent of T

Estimation (4.2) (the Dunford-Pettis theorem, see, for example, [16]) implies that the family of solutions
{fi(t) : 0 <t < T} is relatively weakly compact in L1(Q x R3).

From the physical point of view, (4.1) means that we start with the system that has finite total mass,
momentum, energy, as well as finite initial entropy. In fact, at least at equilibrium and in the non-reactive
situations, —H (t), where H(t) is an H-function defined in (3.28), represents an entropy of the considered

system. Furthermore, (4.2) shows that these properties are maintained during the evolution of the system.

For the proof of estimation (4.2) it is enough to notice that (3.27), with ¢t2 = ¢ and t; = 0, yields (since

Ao, {fi})>0) for 0<t < T,

sup//fZ )Ylog™ fi(t dvdm<z //fZ Ylog™ fi(t dvdm—i—/ //A A fi}) dvdx (4.3)

QxR3 Lo%Rrs QxR3
= Z // fi(®)log™ fi(t) dvdx + Z // fiolog™ fio dvdx — Z / fiolog™ fio dvdz. (4.4)
Q><]R'* Q><]R3

Next, use of the inequality zlog (z/y) > —y with y = exp(—2? —v?) and z = f; together with estimation (4.1)

and boundedness of sup; sup g<;<p [o, ps (1 + 2% 4+ v?) f; dvdz implies

sup sup / fi(t)log™ fi(t) dvdx < Cp, (4.5)
PSSt e

and ultimately, (4.2).

Estimation (4.5) has another important physical interpretation: there can be now concentration of densities
in the system. Indeed, using the Dunford-Pettis theorem (see, for example, [16]) one obtains that the family
of macroscopic densities {n;(t,x) : 0 < ¢ < T} is uniformly integrable, i.e., to each A > 0 there corresponds a

6 > 0 such that

sup sup /ni(t,x) de < A (4.6)
i ose<T)
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for any E C Q with vol(E) < 4. In particular, when Q = [0, L]?, T can be set to co in (4.6).

The next step consists in finding suitable approximations JZ and Jf of J¥ and JI, respectively, for which

the problem

%—I—U%ZJfZ—I—JfZ, 0, z,0) = fii(x,v), i=1,...,4, (z,v) € Q2 x R3 (4.7)

can be solved by known methods. Then, one takes the weak limit f; — fi, and tries to show that f;
satisfies (3.1) in some specified sense. An important criterion of suitable approximations for J¥ and J is that
JE and JE must satisfy the properties listed in Proposition 3.1. These properties alone yield the crucial weak
compactness estimation (4.2). The collision integrals J¥ and J[ are not weakly continuous in L'(Q x R3) (in
fact, they are even difficult to define in a reasonable way in L!(Q x R3)), thus the passage to the limit in (4.7)
cannot be achieved without additional tools. This brings us to the remaining two ingredients of DiPerna-Lions
method. The velocity averaging lemma provides an additional compactness argument needed in the passage

to the limit in (4.7).

Lemma 4.1 (Velocity averaging ([15])). If hn, € L*((0,T) x Q@ x R3) and g, € Li,.((0,T) x Q x R?) satisfy

loc

the following transport equation

Oh,  Oh,

in D'((0,T) x Q x R?), and for each compact set K C (0,T) x  x R® the sequences {h,} and {g,} are
relatively weakly compact in L*((0,T) x Q x R3) and L'(K), respectively, then for all ¢ € L>=((0,T) x Q x R?)

the set
/(b(t,:c.v)fn(t, z,v)dv:n=1,2,... p = /gb(t, z0) (T gn) (b z,v)do: n=1,2,... p, (4.9)
R3 R3

is relatively compact in L*((0,T) x Q).

Velocity averaging compensates for lack of regularity of T, on the set of characteristic directions.

Definition 4.1. A nonnegative f; € L}, .((0,T) x  x R?) is a renormalized solution of (3.1) if

1
1+ fi Jin € Llloc((OaT) X (2 X Rg)v TfiJiRi € Llloc((07T) x € x Rg)a (410)
and
glog(l—i—f-)—i—vglog(l—i—f-): ! [JF + Jf] (4.11)
ot ! ox ! 1+f " v '
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in D'((0,T) x Q x R3), where

JE=JFt —gF- gF =it - Ji- (4.12)

3 K3 2

with JF% and JI** given by

Z{ [ w08 (e = ) (0 - w) e} w13

R3 xS2

- @jo?j // filt,z,0") fs(t, 2, w")O ((e,v — w) — Ti5) (€, v — w) dedw,

R3 x§2

_ﬂtxUE:{ //ﬂtmuJ (60— w)) (e, —dew} (4.14)

R3 xS?

_5ij0i2jfi(t7x7v) // fs(t,m,w)G)((e,v—w) —Fij) <€7U—’LU> dedw,

R3 x§?
and
= B0} i // fr(t xmw Vit x, w; )®(<€7’U —w) —T';) (e, v — w) dedw, (4.15)
R3xS2
= @jofjfi(t, x,v) / fit,z,w)0 ({e,v —w) — T';;) (e,v — w) dedw, (4.16)
R3 xS§2
respectively.

n (4.15)-(4.16), as before, (v, w)) = (v¥,w?) for 4,5 = 1,2, and (v§),w)) = (vT,w') for 4,5 = 3,4. Also the

150 Vg 1]’ 1]

index pairs (i,7) and (k,l) are associated with the set of indices (i, j, k, ) specified in (2.9).

Remark 6. The steric factors 0 < 3;; < 1, therefore both operators JiEJr and JiE ~ (at least formally) map

nonnegative functions into nonnegative functions.

Next, let us assume for a moment that one already has found suitable approximations JZ and J& to (3.1).
If for i = 1,2,3,4, {f"}52, is a sequence of nonnegative, solutions to (4.7) satisfying (4.2), uniformly in n,
then, for = 1,2,3,4 and § > 0, f"° = (1/5) log(1 + § ) satisfies 0 < f1*% < f". Thus, the sequence {1},

is relatively weakly compact in L!((0,7) x  x R3) and satisfies

1
11of7

O v = (D) + TR (117)
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The averaging velocity Lemma 4.1 yields that the sequence { fR3 f1° dv}22 ,, for each fixed i = 1,2,3,4 and
{ 1

§ > 0, is relatively compact in L*((0,T) x Q), for all ¢ € L>((0,T) x Q x R?), if the sequence
L+ofp "

19

[JE({fzn}) + Jﬁ({f?})} }OO is relatively weakly compact in L'((0,T) x Q x B,), (4.18)
n=1

with B, = {y € R? : |z| < r}. For the proof of (4.18) one needs gain-loss comparison estimates (a similar
only for the original collision integrals J¥ and J.

estimation appears in the case of a single specie Boltzmann equation [8]). For simplicity, I formulate them
Lemma 4.2. Fori,s =1,2,3,4 and any M > 1

TEEY) < MIEZ{£)

2
+ Ois

R3xS2

Fi) fulw') ﬁ(v)fs(w)] log (%
JEE(fR f) < MJIP(f1 f3)

(4.19)
Jeters — ue — w)Zi dedu
(4.20)
- 1Og1M612osz / [ o - ) 20| g (B
T3 (f 1) < MJIF (7 13)
)

) O((e,v — w) —T12){€,v — w) dedw,
ot [[ |0 - e w) os
R3 x§?

(4.21)
TRV £ < MJE=(f3, £
+ i s / / D - £ )] og (£ f((?;g;";)
TR 13 < MUE(f3 )
N

R3 xS2

(4.22)
>®(<e, v—w) — I'34)(e,v — w) dedw

where Z;5 is given by

oot [[ [ enret - s )] os

f3 N fi (w')
[ () f3 (w)

[

@
»
|

(4.23)
>®(<e, v—w) — I34)(e,v — w) dedw,

O((e,v —w) —Tys) + (1 — Bis)O(Tyis — (e, v — w)),
O (e, v — w)),

if (i) € {(1,2),(2,1),(3,4), (4,3)};

otherwise.

(4.24)
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Each of the inequalities (4.19)—(4.23) can be proven in a similar way as in the case of a single specie Boltzmann
equation (see [8], page 336).

Now, since f]* satisfy (4.2), uniformly in n, the sequences,

oo

{1 ] }n_l | {1 ey })}n_l CLPOTHLNQ X B)  (4.25)

are relatively weakly compact in L*((0,7) x Q x B,.), for any r > 0. Proof of this is similar to the single
specie case (see, for example, [8], pp. 353-354). Next, the second terms of the right hand sides in each of
the inequalities (4.19)—(4.20) are nonnegative and bounded above by the nonnegative function 4A(v, {f})
that appears in the H-theorem (3.27). The entropy identity (3.25) together with (4.2) yields that the set
{A(v, {f"})}22, is bounded in L' ((0, T') x 2 x R3), and the comparison principle implies the weak compactness

in L1((0,T) x Q x B,) of the sequences

oo

1 n ~ 1 n n
Eee VAT ) SR Ees ) (1.26)

The second term of the right hand side of (4.21) is nonnegative and its L*-norm, after performing the change of
variables (v, w, €) — (w, v, —€), is bounded above by sup,, [|A(f")||1(0,7)xoxr3) < 00. As before, this proves
the weak compactness of the sequence {(14+6 f3) " J3H (f2, fi)}52, in L' ((0, T)xQx B,.). The steps in proving
the weak compactness of the sequences {(1+ & f5) ' J&T(f7, )35, and {(1+ 6 f3) " IFF(f.f3)}122, are
identical to the previous ones, with one exception that this time one uses the form of the entropy identity
given in (3.29). This ends the proof of (4.18), at least for the original collision integrals. Once a suitable

approximation is defined, it will become clear how to use the just given proof to show (4.18).

Finally, we have

Lemma 4.3. If for each i = 1,2,3,4 the nonnegative sequence {f*}°2, satisfies (4.2), uniformly in n,
and for each § > 0 the sequence { [os ¢f1"° dv}oey, with 1 = (1/6)log(1 + &), is relatively compact in

LY((0,T) x Q), for all ¢ € L'((0,T) x Q x R3), then the sequence { [os ¢ f* dv}o, is also relatively compact

in LY((0,T) x Q), for all ¢ € L*((0,T) x Q x R3).

Proof. Estimation (4.2) implies that {f/*}5°, i = 1,2, 3, 4, are weakly relatively compact in L' (€ x R3), thus

it is enough to show that for all ¢ € L1((0,T) x Q x R3) and after passing to a subsequence, if necessary,

/¢f{“ dv —— /¢fi dv strongly in L'((0,7) x Q), i=1,2,3,4, (4.27)
R3 R3
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where f; is a weak limit of {f/}>2 ;. I claim that (4.27) follows if it can be shown that

sup sup |7 — ) iaxmsy —— 0, i =1,2,3,4. (4.28)
n 0<t<T §—0+

Indeed, since the norm is lower weakly semi-continuous, one obtains from (4.28)

sup ||f’L - fi6||L1(Q><R3) < sup lim inf ||f1n - fin5||L1(Q><R3) - 07 1= 172a374’ (429)
0<t<T 0<t<T n—oR 50+
and
[rodo= [r=goods [0 = sroav [ fiode, i=12.3. (430)
R3 R3 R3 R3
where f{ is the weak limit of {f1*9}°° , satisfying, by the assumption,
/(bfi”‘s dv —— /¢ff dv strongly in L'((0,7) x ), i=1,2,3,4. (4.31)
R3 R3

Thus, the application of (4.28)—(4.31) gives (4.27) for all ¢ € L((0,T) x Q x R3). Next, in order to prove

(4.28) we notice that for all R > 0

1 log(1
0<s— 5 log(1+4ds) < s Kl — W) X{ng}} + 5X{s>R}> (4.32)

with x4 the characteristic function of the set A and [1 —log(1 + ds)/(d5)] X {s<ry o 0 locally uniformly

in R. Finally, the estimation (4.2) implies

sup sup // [i'X{s>ry dvder —— 0, i=1,2,34, (4.33)
n 0<t<T - R—oo
QxR3
thus completing the proof of (4.28) and the lemma itself. O

Remark 7. In fact, using again (4.2), the convergence in (4.27) holds for ¢ with (1+ |z|* + |v|k)_l¢ €

L®((0,T) x @ x R3) and 0 < k < 2.

The strong convergence in (4.27) is fundamental in proving that a sequence of smooth solutions converges

weakly to a renormalized solution.

I consider now the approximate problem,

or: O

ZJi_ gk R n — fn - 3
ot o I + iy [0, 20) = fli(z,v), i=1,...,4, (z,v) € QxR (4.34)
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where
1 4
ta Z /f" dv | J% (4.35)
4
:Z{ //|: t €, U (f,(E,’U}I)—fzn(t,l'7’())fsn(t,$7w):| ®(<6;’U—w>) Bf(v,w,e) dedw}
=1 R3xS2
_ ﬁijaz‘zj // []T(t,iv,v’)f:(t?%w’) _ f?(t,:v,v)f:(t,x,w)]@ ({e,v — w) — T'i;) BE (v, w, €) dedw,
R3xS2
and
1 &
— "y R |
H”mz—:lRmed Jin (4.36)

= 5ijaz-2j // [fk (¢, xmw)fl (t, z, w; ) Ji(tw,0) i (t 2, w) | O ((6,v — w) — Pij)B,(fj)(v,w,e) dedw,

R3xS?
with
(e,v —w), if v2+w? <n;
BE(v,w,¢) = (4.37)
0, otherwise,
and
By (v, w, €), if (,7) € {(1,2),(2, D)}
Bflij)(fw w, 6) = <6 v — ’LU> (438)
’ By (v whe), if (i,5) € {(3,4),(4,3)}.
V({esv = w)? + 2B /s
As before, the pair of velocities (v?,v?) refers to post-reactive velocities described either in (2.3) or (2.5),

. @ @ @ _ . . . . . .
Le., (v, w;;) = (vt wt) for i,j = 1,2, and (v VW) = (vf,wt) for 4,5 = 3,4. Also, the index pairs (i,5) and
(k,1) appearing in (4.35)-(4.36) are associated with the set of indices (i, j, k, 1) specified in (2.9).

The initial distributions fjj, are given by

fit = max {mln{fzo, n}, = . eXp( r? — v2)} , (4.39)

where f;0 > 0 satisfy (4.1) and p > 0 is sufficiently small.

Observe that for n > 1, the approximate scattering kernels BZ, B,(IZJ ) € L>®(R? x R? x §?); they are also
symmetric with respect to the change of variables (v, w,€) — (w, v, —e). In addition, Lemma 3.1 implies that
they converge pointwise (and in L}, (R* x R® x S?) to (¢,v — w) as n — oo. Furthermore, fIi — fio in

LY x R3) and, for each n > 1, fi € L=®(Q x R3), i =1,2,3,4.
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Remark 8. The important property of the approximate collision integrals defined in (4.35)-(4.36) is that
they possess properties listed in Proposition 3.1. Indeed, using Lemma 3.1, is easy to see that the corre-
sponding identities (3.4)—(3.6) hold with the expressions (e, v — w) replaced by BEZ (v, w, ¢), B (v, w,€), and
B7(134) (v, w, €), respectively.
Next, I set up problem (4.34) in the framework of a semilinear evolution equation in the Banach space

X =T, L*(Q x R3) with the norm ||f||x = sup [[ |f|dvdz. Consider the operator in X,
1 QxR3

Af = (’Uvmflavvzvavaf3avvzf4)7 (440)

with f = (f1, f2, f3, f4). Then, A generates a strongly continuous contraction semigroup U(¢) in X. Next, for

fo=(f1b, f36. f30, fiv), I rewrite (4.34) as a semilinear evolution equation on the closed set Dys C X, M > 0,

4
Dy =< (fisfas fa, fa) € X 2 fi >0, Z //(

02
m;” +E1-> fidvdr < M %, (4.41)
=lo%R3

in the form
SIMO+AS = B, [0 = fo 0SEST, (142

where

Fo(f") = (Fn D) + TS, Jan (U + 5 (U D, Jsn (U + Tan (LD, Jin (P D + JEUF)
(4.43)
with f™ = (fI", f3, f&, f2). A continuous function f from [0,7] into Dy C X is a weak solution of (4.42) if

it satisfies
1) = U0+ [ U= 9P (f(s)ds (1.44)

for t € [0,T]. In (4.44), the integral is the Riemann integral in X, where for clarity, I suppressed the subscript
n from f, fo, and F. Among many theorems that guarantee the existence of weak solutions to semilinear
evolution equations (4.44), the one below is suitable for our case (see, for example, Theorem 2.1, pp. 335 of

[17]).

Theorem 4.1. Assume that:

(1) U(¢t) : Dy — Dy is a strongly continuous semigroup in X generated by A,
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(2) F: Dy — X and there exists K > 0 such that

I1E(f) = F(9)llx < Klf —gllx, f, g€ Du
(3) For f € Dy
I;er_l)iorif dist(f + hF(f); Dn) =0,
where
dist(f; D) = inf If —gllx

is the distance function from f to Dy;.

Then there exists a unique weak solution f on [0,T], for any T > 0.

Condition (3) of Theorem 4.1, known often as the Nagumo boundary condition for the set D), guarantees

invariance of Dj; under the time evolution.

Next, I check that the conditions of Theorem 4.1 are satisfied for A in (4.40) and F in (4.43). The action of

U(t) on f = (fh fQ, fg, f4) is given by
UR)f)(x,v) = (f1(x — tv,v), falx — tv,v), fs(x — tv,v), falx — tv,v)), (4.45)

thus, (1) is satisfied. For (2) it is enough to notice that since f € Dy, f; > 0, and the multiplication

factor (14 4 %, [ frdv)~! appearing in front the approximate collision integrals (4.35)(4.36) makes the
s

operator F' Lipschitﬂj continuous with constant K dependent on n. Finally, by splitting JZ = Ji}ff — Jff and

JE = Jl-}ff — Jl-}fl_ in an analogical way as for the original collision integrals (4.13)—(4.16), one notes that for

f €D, fi+hJEW{fi}) >0,i=1,2,3,4, for small enough h > 0; therefore the analog of Proposition 3.1 for

the approximate collision integrals (4.35)—(4.36) (see Remark 8) with ¢; = m;v?/2 + E; yields the Nagumo

boundary condition (3).

In the last step before stating the main existence result, I recall two additional (equivalent) notions of solutions

used in the original work of DiPerna-Lions [8].

Definition 4.2. A nonnegative f; € L}, .((0,T) x Q x R3), i = 1,2,3,4, is a mild solution of (3.1) if for each

0<T < oo, JEE{LY), JFE({f:}) € LY0,T), a.e. (almost everywhere) in (x,v) € Q x R? and satisfies

fz#(t, x,v) — fi#(s, x,v) = / [JiE({fi})#(T, x,v) + JZ-R({fi})#(T, x, v)] dr, 0<s<t<T, (4.46)
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where fi#(t, x,v) = f(t,x + tv,v) and similarly for JiE# and JiR#.

Following [8], one can show that f; is mild solution if and only if f; is a renormalized solution (Definition 4.1).

Finally, let ff(t,x,v) = fot Li({fi)# (1, x,v) dr, where fiLi({f;}) = JE-({f:;}) + JF~({fi}), with JF~ and

JI™ given in (4.14) and (4.16), respectively. If for i = 1,2,3,4, T > 0 L;({f;}) € L}, .((0,T) x Q x R?), then

i loc

fi is a mild solution of (3.1) if and only if f; satisfies

fi#(t, x,v) — fz#(s, x,v) exp {— [fz#(t) — ‘7:1#(5)}}
(4.47)

t
#
= [ P sy + I e {- (7O - 7 0)] } ar,
forany 0 < s <t < T and a.e. in (z,v) € Q x R? i =1,2,3,4. Here, Jl-EJr and JlRJr are given in (4.13) and

(4.15), respectively.

Theorem 4.2 (Global existence result). If for i = 1,2,3,4, fio > 0 satisfies condition (4.1) then there
exists a nonnegative mild solution f; of (3.1), with f; € C([0,T]; LY(Q x R3)) satisfying (4.3), and such that

fi(t)|t:0: f’iO) fO’f’i - 172,374.

Proof. T will sketch the proof in several steps. For brevity, I will skip details of proofs that are very similar to
the case of a single specie Boltzmann equation ([8]).

Step 1

From the identity (f™)#(t,z,v) = (U(—=t)f")(t, x,v) it follows that the weak solutions f* obtained in Theorem

4.1 are also mild solutions. Now, we observe that

1

’ TR < Cusup || || L= (@xr2) (4.48)
(H% > f:zdv>
m=1R? Lo (QxR3)
and
1
" T < Cpsup || 7| Lo (xr3) - (4.49)
(1 +a X [ dv)
m=l R Lo (QxR3)

The proof of the above estimates in the cases of J£+ and J£+ requires the change of integration from w to

V' =o' —w and Vi = vt —wt (or VI = o — wl), respectively. Thus, since f3 € L=((0,T) x Q x R3),
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Gronwall’s lemma applied to (4.44) gives L°°-bound of approximate solutions. This bound depends on n and

becomes arbitrary large as n — oo.

Now, combining f%(z,v) > (p/n) exp(—v? —x2), JE-({fPH+IJE-({f1}) = fI Lin({fI'}), with L;, satisfying
| Lin({f7})|| Lo (@xr3) < Cn, one shows, similarly to the single specie case (see, [8], or [14]) that the approximate

solution f! satisfies, i = 1,2, 3,4,
it x,v) > L exp(—Cpt — |z — tv|* —v?), a.ein (z,v) € Q x R?, (4.50)
n

The bound (4.50) together with the absolute continuity of mild solutions f* in ¢, a.e. in (z,v) € Q x R3,
implies that (flog f1*)#(t,x,v) are absolutely continuous in ¢, a.e. in (z,v) € Q@ x R® i = 1,2,3,4. This

means that the indentity
Td s #
|5 o sy (e = (17108 2% (1)~ Fiylog iy ace. in (0) € QX B (451)
0

is true. The mild solution f7* satisfies for i = 1,2,3,4 and a.e. in (z,v) € Q x R3
d
%(fi")# = I ({D* = IR, ae int. (4.52)

After multiplying (4.52) by 1+ (log f*)#, summing over i and integrating over  x R®, and finally using
(4.51) together with Remark 8, one obtains the corresponding H-theorem (3.27) for the approximate problem

(4.34). Thus, we have shown that the approximate solutions f* > 0 satisfy (4.2), uniformly in n.

Step 2
Velocity averaging Lemma 4.1 applied to f** = (1/6)log(1 4+ §fY), together with Lemmas 4.2-4.3, implies

that, after passing to a subsequence, if necessary,
/¢f{l dv —— /¢fi dv strongly in L*((0,7) x Q), i=1,2,3,4, (4.53)
R3 R3

where f; is a weak limit of {f}2°, in L}((0,T) x Q x R3).

Step3
Following very similar steps as for the original single specie Boltzmann equation (see, [8], or [14]), one shows,

with the help of (4.53), the following averaged continuity of collision integrals that hold for all ¢ € L>°((0,T") x
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QxR%) and i =1,2,3,4,

— IEE Y o —— SIPE( D) dv i IA(0,T) x )
<1+ > ff;gdv)w <1+ > ffmdv>R3
m=1 R3 m=1 R3
(4.54)
and
1 1

Jormsmyao

4 /¢ﬁﬁqﬁﬂm in L1((0,T) x 0).
<1+ > J"f&dv)w

o <1+ 24: ffmdv>R3

m=1 R3 m=1 R3

(4.55)
Remark 9. The averaged continuity (4.54)—(4.55) is also true for the original collision integrals JZ-Ei and JZ-Ri7

and for a sequence of renormalized solutions to (3.1), {f'}, satisfying (4.2), uniformly in n.

The convergence in (4.54)—(4.55) together with the nonnegativity of 1 also implies for ¢ € L°°((0,7) x Q xR?)

and any r > 0,

Lin({f1}) —— Li({f:}) in L1(0,T) x ), i=1,2,3,4,  (4.56)
/¢JE+ {fi)dv —— /¢JE+ {fi})) dv in measure on (0,7) x €, i=1,2,3,4, (4.57)
/¢JR+ {h dv — /¢JR+ {fi}) dv in measure on (0,7) x Q,, i=1,2,3,4, (4.58)
where
B,, if Q=R3
Q, =

Q, ifQ=10,L].

The passage to the limit is obtained in two steps. First, using similar techniques as in the proofs of (4.54)—

(4.55) (see, [8] or [14]) together with the monotonicity property of szi and Jﬁi one shows that the function

{f:} satisfies the inequality (super-solution property of {f;})

fi#(t, x,v) — fz#(s, x,v) exp {— [fz#(t) — ‘7:1#(5)}}
(4.59)

> | D + TR ) (o) exo { - [FE0) - 7)) } ar

S
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for any 0 < s <t < T and a.e. in (z,v) € Q x R3, i = 1,2,3,4. Finally, by observing that for i = 1,2,3,4,

6>0,n>1

t
(F#(t,z,0) — (1) (s, 2,0) :/S 1+ofr L+off

JEW{f"})] [ }#meﬁ})# dr. (4.60)

and using (4.56), the weak convergence of f7 to f?, the weak convergence of [JET({fP})]/(1 + 5f") and

R = fr/(1+3f1) to some J? and h?, respectively, we obtain, after taking the weak limit in (4.60) as n — oo,
¢
UV (ta,0) = () (s, 2,0) = / [(J))F = (h)F Li({fi})* dr, ae. in (z,0) € QxR i=1,2,3,4. (4.61)

From (4.29), (f2)* —— (f)* in L*(Q x R?), uniformly in ¢ € [0, T]. Furthermore, since for R > 0,

§—0+t
z
<z- < i 4.62
0< 2 1+5Z_5ZR+ZXZR (4.62)
and {7} is weakly relatively compact, one has
sup Ilfi — h ||L1(QXR3) < sup liminf || f]* — h?éHLl(QXRS) —— 0. (4.63)
0<t< <T n—0o0 §—0+

Finally, since k¢ T f; as § | 0%, the monotone convergence theorem implies (sub-solution property of {f;})
fE(ta0) = fF(s2,0) < / WEN () + TP () (4.64)
for 0<s<t<T,i=1,2,3,4, and a.e in (x,v) € Q x R3, if one can show that
T <IN AED + IR ae in (tx,v) € (0,T) x Q x R3. (4.65)

Proof of (4.65) follows from the nonnegativity of J; E+ and JET, and the application of the averaged continuity

m

property (4.54)—(4.55). (see [8] or [14])

Remark 10. Super-solution property (4.59) of {f;} together with monotonicity in ¢ of F;(¢) implies that for
each T > 0 and a.e. in (z,v) € Q x R3, JEX({f:}), JFT({f:}) € L'(0,T). The last fact combined with the

sub-solution property (4.64) of {f;} shows that JZ~({f:}), JE~({fi}) € L'(0,T).

Step 4
The functions ]—"i# (t) defined in (4.47) is absolutely continuous in ¢ for almost all (z,v) € 2 xR? and d]-"i# /dt =

Li{f:})¥, a.e. in t. The sub-solution property (4.64) of {f;} yields absolute continuity of fl-# in ¢, for almost
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all (z,v) € Q x R3. Thus, £ exp F7 is also absolutely continuous in ¢, for almost all (z,v)Q x R® and from

super-solution property (4.59) we obtain for i = 1,2, 3,4,

% (fz# expf?) > [JEH{ DT + IR (D] expF? ae. int, for almost all (z,v) € @ x R®,  (4.66)

or, fori=1,2,3,4,
%fz# > JEA DT + JR{ DT ae int, for almost all (z,v) € Q x R3, (4.67)
For i = 1,2, 3,4, the inequality (4.67) is equivalent to
) - fF(s) > /t[Jf({fi})# + JE{fi)#]dr for 0 < s <t and for almost all (z,v)Q x R®.  (4.68)

Combination of (4.68) and (4.64) shows that {f;} is a mild solution of (3.1).
For the continuity property of {f;} we notice that (4.60) yields for : =1,2,3,4, 0<s<t<T and § >0

JET{

dr. 4.
1 3of7 T (4.69)

L1(QxR3)

1Y (1) = (F7)#(5) | 1 ey < /

S

Now, application of (4.69) together with (4.28) shows that for each v > 0 there exists 7 > 0 such that for

|t — s| < 7, and uniformly in n, one has
LF77() = £77 ()| L1 (axesy < v (4.70)

After passing to the limit in (4.70) and observing that a norm is lower semicontinuous, one has fl# €
C([0,T); LY(2 x R3)), i = 1,2,3,4. Since the strongly continuous semigroup U(t) is jointly continuous,
one also has that f; € C([0,T]; L*(Q x R®)), i = 1,2,3,4. Note that for f = (f1, fo, f3, f1), f7(t,z,v) =

(U(_t)f)(tvxvv)' [l

Remark 11. The mild solution obtained in Theorem 4.2 obeys the conservation of mass and momentum

(3.20)—(3.21). Instead of the conservation of energy property (3.22), one obtains

24: // (m;”2 +EZ—) Filt, 3, v) dvdz < 24: // (m;”2 +E1-> fio(,v) dvda. (4.71)
. =lo%Rs

i=lgy k3

This is due to lack of higher moments estimations for J£ and Jf, and the fact the basic estimation (4.2) (see
also Remark 7) guarantees weak compactness of the sequence {(1+ |z|* + [v|*)f"} in L*((0,T) x  x R?) for

0 < k < 2, not including k = 2.
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I note that when the steric factors 3;; = 0 for 4,5 = 1,2, 3,4, system (3.1) reduces itself to the hard-sphere

Boltzmann equation for non-reacting mixtures. Thus, we also have

Corollary 4.1. Assume that the assumptions of Theorem 4.2 are satisfied and, in addition, 3;; = 0 for
1,7 = 1,2,3,4. Then there exists a nonnegative mild solution f; to the hard-sphere Boltzmann equation for
non-reacting miztures, with f; € C([0,T); L*(2 x R3)) satisfying (4.3), and such that fi(t)‘t:oz fio, for
1=1,2,3,4.
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