Kinetic Theory of Atoms and Photons:

An Application to the Milne–Chandrasekhar Problem

Roberto Monaco, Jacek Polewczak, and Alberto Rossani

Abstract. We consider a kinetic model describing the interactions between monochromatic photons and gas–particles with two internal energy levels. Using the moment equations we formulate so–called Milne–Chandrasekhar problem. Next, we provide the existence and uniqueness theorems for the resulting system of partial differential equations.

Mathematics Subject Classification. 76N15, 82C40, 82C70 Keywords. Kinetic theory of reacting gases, Gas radiation, Transport processes

1. Introduction In a recent paper [RSM], Rossani, Spiga and Monaco have proposed the kinetic model for the study of two–level atoms and monochromatic photons. The model incorporates a basic feature that allows a good description of the problem, namely the interplay of inelastic collisions between atoms, on one side, and interaction between gas and radiation, on the other. The most remarkable result of such a modelling is that, under thermodynamical equilibrium conditions, Planck’s law of radiation is recovered selfconsistently, without resorting to additional hypotheses.

An interesting application for the above kinetic model is the Milne–Chandrasekhar problem [CHA, MIL]. A slab is filled with a gas, illuminated from one side. The problem consists in the study of the evolution, within the slab, of radiation field, excited atom density and gas temperature.

In this report, after a brief description of the model, we derive the corresponding moment equations for the Milne–Chandrasekhar problem and state existence and uniqueness theorems for the resulting system of partial differential equations. In [MPR], we provide further details on approximate analytical solution to the stationary problem, as well as numerical solutions to the time dependent and stationary problems.

2. The Kinetic Model

Consider the following physical system:

(a) A gas of atoms A of mass m endowed with only two internal energy levels E_1 and E_2, E_1 < E_2. In what follows we will denote by A_1 and A_2, respectively, particles A at levels ”1” and ”2” (fundamental and excited levels).

(b) A radiation field of photons p at a fixed frequency ν = ΔE h , ΔE = E_2 − E_1 ,

h being the Planck constant, interacting with the above gas–particles. The following interactions between particles and between particles and photons take place: a) Elastic interactions among particles with the same or different energy level. b) Inelastic mechanism of exchange between the internal energy levels

A_1 + A_1 ⇀↽ A_2 + A_1 ,

A_1 + A_2 ⇀↽ A_2 + A_2 .

c) Interactions between gas–particles and photons

c.1) Absorption A_1 + p → A_2 ,

c.2) Spontaneous emission A_2 → A_1 + p ,

c.3) Stimulated emission A_2 + p → 2p + A_1 ,

where the photons involved in the last process have the same velocity cΩ, Ω ∈ S, S the unit sphere in IR^3. We denote by F (t, x, Ω)dxdΩ the mean number of photons at time t that belong in the volume element dx, with velocity in the direction dΩ. From now on, we shall consider the radiation intensity I(t, x, Ω), related to F by I(t, x, Ω) = chνF (t, x, Ω) .

The events (c.1), (c.2) and (c.3) are respectively described by means of the so–called Einstein coefficients [RSM] α and β, which will be considered here as identification parameters of the model and therefore are assumed as known.

The evolution equation for I(t, x, Ω) is given by 1 c ∂I ∂t + Ω · ∇I = hν[n_2(α + βI) − n_1βI] = hνJ_p , (2.1)

where n_1 and n_2 are, respectively, the number densities of particles A_1 and A_2.

For f_1 = f_1(t, x, v) and f_2 = f_2(t, x, v), the distribution functions of particles A_1 and A_2, respectively, and v ∈ IR^3, particle’s velocity, the kinetic Boltzmann–like equations for the two particle species A_1 and A_2 have the form ∂f_k ∂t + v · ∇f_k = J^i_k + J^r_k + J^e_k = J_k , (2.2)

where the J^ℓ_k = J^ℓ_k(t, x, v), ℓ = e, i, r are the collision integrals corresponding to the interaction classes (a), (b) and (c), respectively. In the Appendix we provide the expressions of the collisional integrals J^ℓ_k derived in paper [RSM].

In the same paper [RSM] thermodynamical equilibrium conditions have been derived for the equations (2.1) and (2.2). In particular, the elastic collision terms J^e_k vanish whenever the distribution functions are Maxwellians, that is

f_k(v) = n_k � m 2πk_B T

�_{3/2} exp � − m(v − u)^2 2k_B T � . (2.3)

In order for the inelastic collision terms J^i_k to vanish, the the number densities must be linked by the following mass action law:

n_2/n_1 = exp(−ΔE/k_B T ) . (2.4)

Finally, the gas–radiation interaction terms J^r_k and J_p vanish as well if Planck’s radiation law is fulfilled I = α/β exp(hν/k_B T ) − 1

. (2.5)

3. Moment Equations and their Approximation A derivation of moment equations proceeds in a standard way; we multiply equations (2.2) by m, mv, and^1_2 mv^2, respectively, then sum over k and finally integrate with respect to dv. This yields, ∂ρ ∂t + ∇ · (ρu) = 0 (3.1) ∂ ∂t (ρu) + ∇ · (ρu ⊗ u + IP) = 0 (3.2) ∂ ∂t (e_{th} +^1_2 ρu^2) + ∇ · {[(e_{th} +^1_2 ρu^2)II + IP] · u + q_{th}} = S^iΔE , (3.3) (II is the unit tensor), where the macroscopic quantities (all functions of t and x), related to the material gas only, are given by: – mass density ρ = m � k � IR^3 f_k(v)dv , – mean velocity u = m ρ � k � IR^3 vf_k(v)dv , – stress tensor IP = m � k � IR^3

(v − u) ⊗ (v − u)f_k(v)dv , – thermal energy density (linked to temperature T ) e_{th} =

3ρk_BT 2m =^1_2 tr(IP) , – heat flux q_{th} =^1_2 m � k � IR^3

(v − u)(v − u)^2f_k(v)dv , – source of non–excited atoms, due to inelastic interactions only S^i = � IR^3

J^i_1dv = = � IR^3 � IR^3 � S g{σ^{11}_{12} (g, χ)[f_1(v)f_2(w) − f_1(v^′_+)f_1(w^′_+)]+ + σ^{12}_{22} (g, χ)[f_2(v)f_2(w) − f_1(v^′_+)f_2(w^′_+)]}dvdwdΩ^′ , where the cross sections σ^{11}_{12} and σ^{12}_{22} are defined in the Appendix.

Equations (3.1) and (3.2) represent, respectively, mass and momentum conservation for the material gas. Equation (3.3) is the kinetic energy balance for atoms.

Next, by integrating the equation of photon transport (2.1) with respect to dΩ, we obtain ∂e_r ∂t + ∇ · j_r = hν[n_2(4πα + cβe_r) − n_1cβe_r] , (3.4) where e_r = I c with I = � S I(Ω)dΩ is the radiation energy density, and j_r = � S ΩI(Ω)dΩ

is the radiative flux.

An additional independent balance equation can be obtained by considering Eq.(2.1) together with Eqs.(2.2). Indeed, after multiplying these equations by^1_2 mv^2 +E_k, summing them over k, then integrating with respect to dv, and finally by adding this result to Eq.(3.4), we obtain the total energy conservation equation for the whole system: ∂ ∂t (e_A + e_r) + ∇ · [(e_AII + IP) · u + q_{th} + q_{exc} + j_r] = 0 , (3.5)

where e_A =^1_2 ρu^2 + e_{th} + e_{exc}

is the total energy for atoms, with

e_{exc} = � k E_k � IR^3 f_k(v)dv = E_1n_1 + E_2n_2 ,

as excitation energy density, and where

q_{exc} = � k E_k � IR^3

(v − u)f_k(v)dv ,

represents the diffusion current of excitation energy. Let us observe that all the macroscopic quantities appearing in Eqs.(3.4–3.5) are functions of t and x, as well.

The equations (3.1), (3.2), and (3.5) constitute the macroscopic conservation equations of the system. We note that equations (3.1–3.3, 3.5), together with Eq.(2.1), are exact, however, they do not form a closed system of equations.

In order to close the above system, we observe that when the characteristic relaxation time of elastic collision processes is much smaller compared with the ones relevant to inelastic and gas–radiation interaction processes, one may adopt the standard zero–order Chapman–Enskog approximation. In this case one can calculate q_{th}, q_{exc}, u_k and S^i by means of Maxwellians (2.3), namely

q_{th} = q_{exc} = 0 , u_k = u , (3.7)

S^i = [n_1γ_{12}(T ) + n_2γ_{22}(T )][n_2 − n_1 exp(−ΔE/k_B T )] , (3.8)

where � � γ_{12}(T )

γ_{22}(T )

� � = � m 2πk_B T

�_3 �

IR^3 � IR^3 � S exp � − m 2k_BT

(v^2 + w^2) � g � � σ^{11}_{12} (g, χ)

σ^{12}_{22} (g, χ)

� � dvdwdΘ^′ .

Using (3.7) and (3.8) in one dimensional case, i.e., with

∇ = i ∂ ∂x , u = ui , I = I(t, x, μ) ,

i being the unit vector in the direction x and μ = Ω · i ∈ [−1, 1]. equations (3.1, 3.2, 3.3, 3.6b) have the form ∂ ∂t � n_1 + n_2 � + ∂ ∂x � u(n_1 + n_2) � = 0 (3.9)

∂ ∂t � u(n_1 + n_2) � + ∂ ∂x � u^2(n_1 + n_2) � + 1 m ∂p ∂x = 0 (3.10) ∂ ∂t � (n_1 + n_2)(^3_2 k_B T +^1_2 mu^2) � + ∂ ∂x � u(n_1 + n_2)(^3_2 k_B T +^1_2 mu^2) + p � = = ΔE � n_2 − n_1 exp � − ΔE k_B T � � [n_1γ_{12}(T ) + n_2γ_{22}(T )]

(3.11)

∂n_1 ∂t + ∂ ∂x � un_1 � = −[n_1γ_{12}(T ) + n_2γ_{22}(T )]×

× [n_2 − n_1 exp(−ΔE/k_B T )] + n_1βI − n_2(4πα + βI) .

(3.12)

where p = i · IP · i.

4 The Milne–Chandrasekhar Problem

The problem has its origin in the experiment performed by Hayner in 1925 (see [MIL] and references therein). Suppose that a slab filled with a monoatomic gas (say mercury vapour) is illuminated from one side by light (say from a mercury arc) in resonance with these atoms for a length of time sufficient to establish a steady state. Then we suddenly cut off the slab from the source of illumination. The problem consists in studying two transients cases: before and after the cut off.

The latter case was studied first by Milne [MIL] in 1926 and then by Chandrasekhar [CHA] in 1949. Both, Milne and Chandrasekhar, considered a material gas at a fixed density. Furthermore, they did not consider any mechanism of exchange between the internal energy levels of atoms. Finally, the equations they actually solved were linearized. Here, the same problem is treated in full generality. In other words, i) we keep all the sources of nonlinearity, ii) we consider the effects of inelastic interactions, iii) we do not neglect (1/c)(∂I/∂t).

In the case of a gas in a slab (−a ≤ x ≤ a) and a fixed density n, we assume a) For t ∈ (−∞, 0) the gas at a known number density n is in absolute equilibrium at a temperature T_0, together with the radiation field.

b) The boundaries of the slab are perfectly reflecting mirrors, so that also the radiation field, at temperature T_0, is given by the Planck law stated by Eq.(2.5).

c) At t = 0^+ the mirrors are removed and the gas in the slab is subjected to zero radiation at the left boundary x = −a and to a known radiation I^∗(μ) at the right one x = a.

d) The boundary conditions for the observable u are such that u(±a) = 0. Under the above assumptions the system of equations (3.9–3.12) can be written in the form ∂T ∂t = 2hν 3nk_B

[n_1γ_{12}(T ) + n_2γ_{22}(T )][n_2 − n_1 exp(−hν/k_B T )] , (4.1)

∂n_2 ∂t = [n_1γ_{12}(T ) + n_2γ_{22}(T )][n_1 exp(−hν/k_BT ) − n_2] + βI(n_1 − n_2) − 4παn_2 , (4.2) 1 c ∂I ∂t + μ ∂I ∂x = hν[αn_2 − βI(n_1 − n_2)] , (4.3) where n_1 = n − n_2, with the initial data

∀x ∈ [−a, a] :

� � � � � � � � �

I(0, x, μ) = α/β exp(hν/k_B T_0) − 1 ∀μ ∈ [−1, 1] n_2(0, x) = n exp(hν/k_B T_0) + 1 T (0, x) = T_0

(4.4) and with the boundary conditions

∀t ∈ (0, t_M ) : � I(t, −a, μ) = 0 , ∀μ > 0 I(t, a, μ) = I^∗(μ) , ∀μ < 0 . (4.5) Equations (4.2) and (4.3) reduce themselves to the Chandrasekhar model [CHA] when we set γ_{12} = γ_{22} = 0, neglect (1/c)(∂I/∂t) with respect to μ(∂I/∂x), and, under the assumption that n_2 is much smaller than n_1, approximate n_1 − n_2 by n_1, where n_1 is treated as a constant.

5 Mathematical analysis of the system: existence and uniqueness results In a dimensioneless form the system of equations (4.1-4.3) can be written as ∂T ∂t = 2 3 ρ � γ_{12}(T )(1 − n_2)n_2 + γ_{22}(T )n^2 − � γ_{12}(T )(1 − n_2)^2 + γ_{22}(T )(1 − n_2)n_2 � exp � − 1 T � , ∂n_2 ∂t = ρ � � γ_{12}(T )(1 − n_2)^2 + γ_{22}(T )(1 − n_2)n_2 � exp � − 1 T � − γ_{12}(T )(1 − n_2)n_2 − γ_{22}(T )n^2 �

+ η [I − n_2(4πλ + 2I)] , ∂I ∂t + μ ∂I ∂x = λn_2 + (2n_2 − 1)I, (5.1 − 5.3)

together with the initial conditions

T (0, x) = T_0(x), n_2(0, x) = n_{20}(x), I(0, x, μ) = I_0(x, μ) ∀x ∈ [−a, a], ∀μ ∈ [−1, 1]

and the boundary conditions � I(t, −a, μ) = 0 ∀μ > 0, I(t, a, μ) = I^∗(μ) ∀μ < 0 .

Here, as before, I(t, x) = 2π

�_1 −1 I(t, x, μ) dμ, and γ_{12}(T ), γ_{22}(T ) ≈ T^{p−52(p−2)} when inelastic cross-sections, σ^{11}_{12} (g, χ), σ^{12}_{22} (g, χ), are given according to the inverse power potential, with exponent p − 1, and with the standard angular cutoff (see, for example, [GRA]). We recall that so called Maxwell’s molecules correspond to p = 5, when γ_{12}(T ), γ_{22}(T ) do not depend on the temperature T . In the present work we consider only this case, i.e., γ_{12}, γ_{22} are given positive constants. Furthermore, in the system above, the densities n_2 and n_1 are normalized to give n_1(t, x) + n_2(t, x) = 1, for t ≥ 0 and x ∈ [−a, a], and ρ, η, and λ are given positive constants. Finally, while dealing with the mathematical analysis of the problem, we treat more general initial conditions as compared to (4.4).

We look for physically meaningful solutions for (5.1-5.3); this means, among other things, that T (t, x), n_2(t, x), I(t, x, μ) ≥ 0, for t > 0, x ∈ [−a, a], and μ ∈ [−1, 1], if the initial conditions T_0, n_{20}, I_0 and the boundary condition I^∗ (at x = a) are also nonnegative. In addition, the density, n_2(t, x), should satisfy 0 ≤ n_2(t, x) ≤ 1 for t ≥ 0 and x ∈ [−a, a].

The proof of the existence result for (5.1-5.3) is divided into several steps:

1. Derivation of a priori estimation for the problem. 2. Solution of an approximated problem.

3. Passage to the limit with the sequence of approximated solutions and the proof that the limit is a solution to the original problem.

5.1 A priori estimations In this section we state several a priori estimations for the system (5.1-5.3) that will be used later in the section. The proofs of these estimations as well as some other theorems are quite technical and are postoponed to the forthcoming paper of the same authors.

Proposition 5.1. Suppose that the system (5.1-5.3) has smooth and nonnegative solutions T (t, x), n_2(t, x), I(t, x, μ), and 0 ≤ n_2(0, x) ≤ 1, for x ∈ [−a, a]. Then

0 ≤ n_2(t, x) ≤ 1, t > 0, x ∈ [−a, a]. (5.4)

Proof: First, we prove the inequality ||n_2||_L∞ = sup_{t, x} |n_2(t, x)| ≤ 3/2 and then that actually ||n_2||_L∞ ≤ 1. We observe that under the assumptions of the proposition the equation

∂n_2 ∂t = ρ � � γ_{12}|1 − n_2|^2 + γ_{22}|1 − n_2|n_2 � exp � − 1 T � − γ_{12}|1 − n_2|n_2 − γ_{22}n^2 �

+ η [I − n_2(4πλ + 2I)] (∗)

is equivalent to the equation (5.2), if ||n_2||_L∞ ≤ 1. On the other hand, for t ≥ 0, equation (*) can be written as n_2(t, x) = n_2(0, x) exp � − �_t 0 Λ(s) � ds +

�_t 0 � |1 − n_2(s)| � ργ_{12}|1 − n_2(s)|

+ ργ_{22}n_2 � exp � − 1 T � + ηI(s) � exp � − �_t s Λ(r)dr � ds, (∗∗)

where Λ(s) = ργ_{12}|1 − n_2(s)| + ργ_{22}n_2(s) + 4πλη + 2ηI(s). Therefore, since 0 ≤ n_2(0, x) ≤ 1,

n_2(t, x) ≤ 1 2 exp � − �_t 0 (4πλη + 2ηI(s)) ds � + 1 2 � 1 − exp � − �_t 0 (4πλη + 2ηI(s)) ds �

+ 1 2 exp � − �_t 0 [ργ_{12}|1 − n_2(s)| + ργ_2n_2(s)] ds �

+ ||1 − n_2||_L∞ � 1 − exp � − �_t 0 [ργ_{12}|1 − n_2(s)| + ργ_2n_2(s)] ds � , and we obtain the inequalities (since n_2(t, x) ≥ 0),

||n_2||_L∞ ≤ 1 2 + max � 1 2 , ||1 − n_2||_L∞ � ≤ 1 2 + max � 1 2 , max � 1, ||n_2||_L∞ − 1 � . The last inequality gives ||n_2||_L∞ ≤ 3/2. This also means that ||1 − n_2||_L∞ ≤ 1 and by using this fact, identity (**) yields the inequalities

n_2(t, x) ≤ exp(−

�_t 0 Λ(s))ds + �_t 0 � ργ_{12}|1 − n_2(s)| + ργ_{22}n_2(s) + 4πλη + 2ηI(s) � exp � − �_t s Λ(r)dr � ds = exp(−

�_t 0 Λ(s)) ds +

�_t 0 � d ds exp(−

�_t s Λ(r) dr) � ds ≤ exp(−

�_t 0 Λ(s)) ds + � 1 − exp(−

�_t 0 Λ(s) ds) � = 1.

We note that the proof of the inequality (5.4) does not depend on a choice of nonnegative constants ρ, η, λ, γ_{12}, γ_{22}.

In our numerical simulations we will often deal with the cases when both the initial value, n_{20}(x), and the solution, n_2(t, x), should satisfy 0 ≤ n_{20}(x), n_2(t, x) ≤^1_2 , for t > 0 and x ∈ [−a, a]. Under certain conditions on the parameters ρ, η, λ, γ_{12}, γ_{22} the following result holds:

Proposition 5.2. Suppose that the system (5.1-5.3) has smooth and nonnegative solutions T (t, x), n_2(t, x), I(t, x, μ), and 0 ≤ n_2(0, x) ≤ d, for x ∈ [−a, a], where^1_2 ≤ d ≤ 1. Then

0 ≤ n_2(t, x) ≤ d, t > 0, x ∈ [−a, a], (5.5)

if � 1 d − 1 � ρ max (γ_{12}, γ_{22}) ≤ 4πλη. (5.6)

Proof: By Proposition 5.1, ||n_2||_L∞ ≤ 1, as well as ||1 − n_2||_L∞ ≤ 1. Now, identity (**) yields

n_2(t, x) ≤ d exp(−

�_t 0 Λ(s))ds + d �_t 0 1 d � ργ_{12}|1 − n_2(s)| + ργ_{22}n_2(s) + ηI(s) � exp � − �_t s Λ(r)dr � ds, where as before, Λ(s) = ργ_{12}|1 − n_2(s)| + ργ_{22}n_2(s) + 4πλη + 2ηI(s). The proof will be complete if we show that 1 d � ργ_{12}|1 − n_2(s)| + ργ_{22}n_2(s) + ηI(s) � ≤ ργ_{12}|1 − n_2(s)| + ργ_{22}n_2(s) + 4πλη + 2ηI(s).

However, by (5.6), � 1 d − 1 � {ργ_{12}|1 − n_2(s)| + ργ_{22}n_2(s)} ≤ � 1 d − 1 � ρ max (γ_{12}, γ_{22}) ≤ 4πλη + � 2 − 1 d � ηI, since by the assumption, (2 − 1/d) ≥ 0. This completes the proof.

The next two estimations together with Propositions 5.1 (or 5.2) give bounds on the temperature field T (t, x) and the photon intensity I(t, x, μ).

Proposition 5.3. Suppose that the system (5.1-5.3) has smooth and nonnegative solutions T (t, x), n_2(t, x), I(t, x, μ), and n_2(0, x), T (0, x) ≥ 0. Then

n_2(t, x) + 3 2 T (t, x) ≤ e · max � 1 2 , sup

x∈[−a,a] � n_2(0, x) + 3 2 T (0, x) � , t > 0, x ∈ [−a, a]. (5.7)

Proof: By adding equation (5.1) to the equation (5.2) multiplied by 3/2, and then by adding and substracting the expression (3/2)T (4πλη + 2ηI), we obtain the identity

n_2(t, x) + 3 2 T (t, x) = � n_2(0, x) + 3 2 T (0, x) � exp � − �_t 0 (4πλη + 2ηI(s, x)) ds �

+ �_t 0 � ηI + 3 2 T (s, x) (4πλη + 2ηI(s, x)) � exp � − �_t s (4πλη + 2ηI(r, x))dr � ds. Now, we have

n_2(t, x) + 3 2 T (t, x) ≤ � n_2(0, x) + 3 2 T (0, x) � exp � − �_t 0 (4πλη + 2ηI(s, x)) �

+ 1 2 �_t 0 [4πλη + 2ηI(s, x)] exp � − �_t s (4πλη + 2ηI(r, x)) dr �

+ �_t 0 3 2 T (s, x) d ds � exp � − �_t s (4πλη + 2ηI(r, x))dr � ds = � n_2(0, x) + 3 2 T (0, x) � exp � − �_t 0 (4πλη + 2ηI(s, x)) �

+ �_t 0 � 1 2 + 3 2 T (s, x) � d ds � exp � − �_t s (4πλη + 2ηI(r, x))dr � ds, and using nonengativity of n_2,

n_2(t, x) + 3 2 T (t, x) ≤ max � 1 2 , sup

x∈[−a,a] � n_2(0, x) + 3 2 T (0, x) �

+ �_t 0 � n_2(s, x) + 3 2 T (s, x) � d ds � exp � − �_t s (4πλη + 2ηI(r, x))dr � ds. Next, we need the following generalization of Gronwall’s inequality [MPF, Theorem 1, p. 358]:

Lemma [H. Movljankulov and A. Filatov]. Let u(t) be real, continuous, and nonnegative such that for t ≥ t_0

u(t) ≤ c +

�_t

t_0

k(t, s)u(s) ds, c > 0,

where k(t, s) is a continuously differentiable function in t and continuous in s with k(t, s) ≥ 0 for t ≥ s ≥ t_0. Then u(t) ≤ c exp

�_t

t_0 � k(s, s) +

�_s

t_0 ∂k ∂s (s, r) dr � ds � .

Now, for each fixed x, we apply the above Lemma with t_0 = 0 and

k(t, s) = d ds exp � − �_t s (4πλη + 2ηI(r, x))dr �

to obtain exp �_t

t_0 � k(s, s) +

�_s

t_0 ∂k ∂s (s, r) dr � ds � = exp � 1 − exp � − �_t 0 (4πλη + 2ηI(r, x)) dr � . This completes the proof.

Proposition 5.4. Assume that 0 ≤ n_2(0, x) ≤ 1 and 0 ≤ T (0, x), I(0, x, μ) ≤ C, for some C > 0, and for x ∈ [−a, a], μ ∈ [−1, 1]. In addition, assume that 0 ≤ I^∗(μ) ≤ C, for −1 ≤ μ ≤ 0. Finally, suppose that the system (5.1-5.3) has smooth and nonnegative solutions T (t, x), n_2(t, x), I(t, x, μ) on the time interval [0, τ]. Then there is C_τ > 0 such that

0 ≤ I(t, x, μ) ≤ C_τ , t ∈ [0, τ], x ∈ [−a, a], μ ∈ [−1, 1]. (5.8)

Proof: By adding a suitable source term, ^I^∗(t, x, μ), (see, for example, [GMP, p. 413-416]) to the right hand side of (5.3), we can transform the nonhomogeneous boundary condition into the homogeneous boundary condition, and write I(t, x, μ) in the form

I(t, x, μ) = (S(t)I_0)(x, μ) +

�_t 0 � S(t − s) � λn_2(s) + (2n_2(s) − 1)I(s) + ^I^∗(s) � (x, μ) ds,

where S(t) is the evolution operator associated with the operator −μ^{∂I}_{∂x} and the corresponding homogeneous boundary condition. The boundedness of I^∗ implies the boundedness of ^I^∗(t, x, μ) for t ∈ [0, τ], x ∈ [−a, a], and μ ∈ [−1, 1]. Finally, since 1 ≤ n_2(t, x) ≤ 1, Gronwall’s lemmma completes the proof. We end this section with the following energy estimation:

Proposition 5.5. Suppose that the system (5.1-5.3) has smooth and nonnegative solutions T (t, x), n_2(t, x), I(t, x, μ), and I^∗(μ) ≥ 0, for μ ∈ [−1, 0]. Then, for t ≥ 0, ∂ ∂t �_a −a � n_2(t, x) + 3 2 T (t, x) + ηI(t, x) � dx ≤ −η

�_0 −1 μI^∗(μ) dμ. (5.9)

Proof: The following energy identity together with nonnegativity of I(t, x, μ) completes the proof: ∂ ∂t �_a −a � n_2(t, x) + 3 2 T (t, x) + ηI(t, x) � dx = η �_0 −1 μI(a, μ) dμ − η

�_1 0 μI(a, μ) dμ − η

�_0 −1 μI^∗(μ) dμ.

5.2 The approximated problem The main idea is to construct a suitable approximated (or modified) problem to the original system (5.1-5.3) that retains the a priori estimations of section 5.1 and can be solved relatively easy. For k ≥ 1, we consider the following sequence of approximated problems for t ∈ [0, τ], τ > 0:

∂T_k ∂t = 2 3 ρ � γ_{12}(1 − n^k_2 )n^k_2 + γ_{22}(n^k_2 )^2 − � γ_{12}(1 − n^k_2 )^2 + γ_{22}(1 − n^k_2 )n^k_2 � exp � − 1 T_k � , ∂n^k_2 ∂t = ρ � � γ_{12}(1 − n^k_2 )^2 + γ_{22}(1 − n^k_2 )n^k_2 � exp � − 1 T_k � − γ_{12}(1 − n^k_2 )n^k_2 − γ_{22}(n^k_2 )^2 �

+ η � I_k 1 +^1_k I_k

− n^k_2 � 4πλ + 2

I_k 1 +^1_k I_k � , ∂I_k ∂t + μ ∂I_k ∂x = λn^k_2 + 2n^k_2

I_k 1 +^1_k I_k

− I_k , (5.10 − 5.12)

together with the initial conditions

T_k(0, x) = T_0(x), n^k_2 (0, x) = n_{20}(x), I_k (0, x, μ) = I_0(x, μ) ∀x ∈ [−a, a],

and the boundary conditions � I_k (t, −a, μ) = 0 ∀μ > 0, I_k (t, a, μ) = I^∗(μ) ∀μ < 0 .

In addition, we set n^0_2(t, x) = n_{20}(x).

It is well known (see, for example, [GMP, pp. 413-416] that the above nonhomogeneous boundary conditions, with 0 ≤ I^∗ ∈ L^∞(−1, 0), can be transformed into the homogeneous boundary condition by adding a nonhomogeneous (source) term, ^I^∗(t, x, μ), to the right hand side of equation (5.12). In addition, ^I^∗(t, x, μ) can be constructed in such a way that 0 ≤ ^I^∗ ∈ L^∞((0, T ) × (−a, a) × (−1, 1)). From now on this system will be denoted as (5.10 − 5.12)_0.

For each fixed k, we consider the system (5.10 − 5.12)_0 as a semilinear problem in the Banach space X = L^1(−a, a)×L^1(−a, a)×L^1((−a, a)×(−1, 1)). In order to avoid cumbersome notation, the index k, appearing in T , n_2, and I, will be dropped from now on. Next, let X^+ be a subset of X consisting of elements u = (T, n_2, I) such that T ∈ L^1(−a, a), n_2 ∈ L^1(−a, a), and I ∈ L^1((−a, a) × (−1, 1)) are nonnegative (almost everywhere) functions on (−a, a), (−a, a), and ((−a, a) × (−1, 1)), respectively. Let D ⊂ X be defined as

D = {u ∈ X^+ : 0 ≤ n_2(x) ≤ 1 almost everywhere in x ∈ (−a, a)} (5.13) and C([0, τ], X) be the Banach space of continuous functions from [0, τ] → X. For k ≥ 1, the system (5.10 − 5.12)_0 is equivalent to the following abstract semilinear problem on the closed set D ⊂ X:

u^′(t) = Au(t) + B_k(t, u(t)) for t ∈ (0, τ], u(0) = u_0 ∈ D, (5.14)

where for u = (T, n_2, I),

Au = � � 0 0 −μ^{∂I}_{∂x} − I

� � , (5.15)

with the domain D(A) defined by

D(A) = {u ∈ X : μ ∂I ∂x ∈ L^1((−a, a) × (−1, 1)) plus the homogeneous boundary condition},

and, for (t, u) ∈ [0, τ] × D,

B_k(t, u) = � � � 2 3 ρ � γ_{12}(1 − n_2)n_2 + γ_{22}(n_2)^2 − � γ_{12}(1 − n_2)^2 + γ_{22}(1 − n_2)n_2 � exp � −^1_T � ρ � γ_{12}(1 − n_2)^2 + γ_{22}(1 − n_2)n_2 � exp � −^1_T � − γ_{12}(1 − n_2)n_2 − γ_{22}(n_2)^2 � + Γ λn_2 + 2n_2^I_{1+ 1k I} + ^I^∗(t)

� � � ,

with Γ = η � I 1 +^1_k I

− n_2 � 4πλ + 2 I 1 +^1_k I � , I(x) = 2π

�_1 1 I(x, μ) dμ, and exp � −^1_T � = 0, for T = 0.

We remark that the homogeneous boundary condition appearing in the domain of the linear operator A is understood in the sense of trace class (see, for example, [CES] or [GMP]).

The existence and uniqueness result is based on the following properties of the initial value problem (5.14): (1) The linear operator A generates a strongly continuous semigroup U(t) in X such that U(t) : D → D, for t ≥ 0.

(2) The nonlinear operator B(t, u) is a continuous mapping from [0, τ] × D into X that is also Lipschitz continuous on D, i.e.,

||B_k(t, u_1) − B_k(t, u_2)||_X ≤ L(k)||u_1 − u_2||_X for all (t, u_1), (t, u_2) ∈ [0, τ] × D,

for some L(k) > 0. Here, || · ||_X denotes any equivalent norm on X. (3) The set D ⊂ X is invariant for the evolution problem (5.14).

Property (1) is the standard result that can be found in [GMP, Theorem 2.2, p. 410]. Property (2) follows after somewhat lenghtly but easy computations; here, the crucial is the fact that n_2 ∈ L^∞(−a, a). Finally, property (3) follows from the following observation (see, [MAR, Theorem 2.1, p. 335]):

Proposition 5.6. For a fixed k ≥ 1, and all (t, u) ∈ [0, τ] × D

lim_{h→0+} dist(u + hB_k(t, u); D) h = 0, (5.16)

where dist(v, D) = inf_{u∈D} ||v − u||_X is the distance of an element v ∈ X from the set D.

The limit in (5.16) is a different formulation of the first a priori estimation (Proposition 5.1) for the approximated problem (5.10-5.12). It also implies that the evolution problem (5.15) generates nonnegative solutions if we start with nonnegative initial values.

We have (see, Theorem 2.1, p. 335, and Remark 2.1, p. 337 of [MAR])

Theorem 5.7. For each u_0 ∈ D there is a unique continuous function u : [0, τ] → D that satisfies

u(t) = U(t)u_0 +

�_t 0 U(t − s)B_k(s, u(s)) ds for all t ∈ [0, τ], (5.17)

where the integral in (5.17) is the Riemann integral in X.

A function u that satisfies (5.17) is said to be a mild solution to (5.14) on [0, τ]. We note that U(t) has the following representation for u = (T, n_2, I):

U(t)u = � � T n_2 U_0(t)I

� � , (5.18)

where U_0(t) is a strongly continuous semigroup in L^1((−a, a) × (−1, 1)), generated by the operator −μ^{∂I}_{∂x} − I with the homogeneous boundary condition (see, [GMP, Theorem 2.2, p. 410]).

Next, it follows that, for each k ≥ 1, and u_0 ∈ D ∩ D(A), Propositions 5.3-5.4 still hold for u(t) given by (5.17). On the other hand, for u_0 ∈ D, we choose a sequence {u_{0k}} ⊂ X such that u_{0k} → u_0 in X, as k → ∞, with u_{0k} = (T_{0k}, n^k_{20}, I_{0k}) ∈ D ∩ D(A), and T_{0k} ∈ L^∞(−a, a), I_{0k} ∈ L^∞((−a, a) × (−1, 1)) (uniformly in k ≥ 1). Then again, by Propositions 5.3-5.4, the solution (now indexed by k), u_k(t) = (T_k(t), n^k_2 (t), I_k (t)), satisfies T_k(·), n^k_2 (·) ∈ L^∞([0, τ] × (−a, a)) and I_k(·) ∈ L^∞([0, τ] × (−a, a) × (−1, 1)), uniformly in k ≥ 1. These estimations alone imply that the sequence of solutions u_k(·) = (T_k(·), n^k_2 (·), I_k (·)), k = 1, 2, . . . is weakly compact in L^1([0, τ]; X)). Here, the weak compactness in L^1([0, τ]; X)) means that the sequences {T_k(·)}, {n^k_2 (·)} are weakly compact in L^1([0, τ] × (−a, a)), and the sequence {I_k(·)} is weakly compact in L^1([0, τ] × (−a, a) × (−1, 1)).

This type of weak convergence (after passing to a subsequence) is not enough to pass to the limit (when k → ∞) in nonlinear terms of (5.10-5.12). An additional argument will provided in the next section.

5.3 Passage to the limit We start with the following compactness result that is crucial in the passage to the limit in (5.10-5.12).

Proposition 5.8. [BGPS, Proposition 1, see also VLA] For O ⊂IR^{N+1}, an open, connected set, let f ∈ L^p((0, τ) × O × S^N ), p > 1, ∂f/∂t + Ω · ∇_xf ∈ L^p((0, τ) × O × S^N ), f|_{t=0} = f_0 ∈ L^∞(O × S^N ), and f|_{(∂O×S}N_{)−} = h ∈ L^∞((0, τ) × (∂O × S^N )_−). Then � S^N f(t, x, Ω) dΩ ∈ W

m,p((0, τ) × O) for any 0 < m < inf(1/p, 1 − 1/p), and � � � � � � � S^N

f(t, x, Ω) dΩ � � � � � � W^{m,p}

≤ C(h, f_0) � ||f||_Lp + ||∂f/∂t + Ω · ∇_xf||_Lp � . (5.19)

We apply the above result with O = (−a, a) and for N = 0, when S^N becomes the interval [−1, 1]. Since the imbedding W^{m,p} ⊂ L^p is compact, and {I(·)_k} ∈ L^∞([0, τ]×(−a, a)×(−1, 1))∩L^1([0, τ]×(−a, a)×(−1, 1)), uniformly in k, Proposition 5.8 implies

Theorem 5.9. Assume that u_0 = (T_0, n_{20}, I_0) ∈ D with T_0 ∈ L^∞(−a, a) and I_0 ∈ L^∞((−a, a) × (−1, 1)). Furthermore, assume that 0 ≤ I^∗ ∈ L^∞(−1, 1). Then, for the sequence of mild solutions u_k(t), k ≥ 1, the sequence {I_k(·)} ∈ L^∞([0, τ] × (−a, a)) ∩ L^1([0, τ] × (−a, a)) is relatively compact in L^1([0, τ] × (−a, a)).

In particular, when k → ∞, and after passing to a subsequence if necessary,

I_k(t, x) −→ I(t, x), almost everywhere in (t, x) ∈ [0, τ] × (−a, a). (5.20)

Next, we combine (5.20) and nonnegativity of solutions to show L^1- convergence of the sequences {T_k(·)}} and {n^k_2 (·)}. Indeed, after adding equation (5.11) to the equation (5.10) multiplied by 3/2, and integrating with respect to t we obtain 3 2 T_k(t) + n^k_2 (t) + η

�_t 0 n^k_2 (s) � 4πλ + 2

I_k(s) 1 +^1_k I_k(s) � ds = 3 2 T_{0k} + n^k_{20} + η

�_t 0 I_k(s) 1 +^1_k I_k(s) ds. (5.21)

We note that all terms on both sides of identity (5.21) are nonnegative. Furthermore, since the sequence {I_k(·)} ∈ L^∞([0, τ]×(−a, a))∩L^1([0, τ]×(−a, a)) is relatively compact in L^1([0, τ]×(−a, a)), the Dominated Convergence Theorem applied to the sequence

�_{Ik (·)}

1+^1_k I_k (·) � implies that (after passing to a subsequence if necessary) the last term on the right hand side of (5.21) converges almost everywhere in (t, x) ∈ [0, τ]×(−a, a). Therefore, using nonnegativity of the terms on the left hand side of (5.21), we obtain pointwise convergence almost everywhere of the sequences {T_k(·)}} and {n^k_2 (·)} in (t, x) ∈ [0, τ] × (−a, a). Thus, we have Theorem 5.10. Let u_{0k} → u_0 in X, as k → ∞, with u_{0k} = (T_{0k}, n^k_{20}, I_{0k}) ∈ D ∩ D(A), and T_{0k} ∈ L^∞(−a, a), I_{0k} ∈ L^∞((−a, a)×(−1, 1)) (uniformly in k ≥ 1). Furthermore, assume that 0 ≤ I^∗ ∈ L^∞(−1, 1). Then, for the sequence of solutions u_k(t) = (T_k(t), n^k_2 (t), I_k (t)) of (5.14), the sequences {T_k(·)}, {n^k_2 (·)} ∈ L^∞([0, τ] × (−a, a)) ∩ L^1([0, τ] × (−a, a)) are relatively compact in L^1([0, τ] × (−a, a)).

Now, the passage to the limit can be easily achieved. The following two theorems hold: Theorem 5.11. Under the assumptions of Theorem 5.10, and after passing to a subsequence in {u_k}, if necessary,

B_k(·, u_k) −→ B(·, u), weakly in L^1([0, τ] × (−a, a) × (−1, 1))) as k → ∞, (5.22)

where u_k(·) is the sequence of solutions to (5.14) converging weakly in L^1([0, τ] × (−a, a) × (−1, 1))) to u(·) ∈ D.

Furthermore, u(·) : [0, τ] → D ⊂ X is continuous and satisfies (5.17).

Theorem 5.12. Assume that u_0 = (T_0, n_{20}, I_0) ∈ D with T_0 ∈ L^∞(−a, a) and I_0 ∈ L^∞((−a, a) × (−1, 1)). Furthermore, let 0 ≤ I^∗ ∈ L^∞(−1, 1). Then (5.17) has a unique solution in X.

REFERENCES [GRA] H. Grad, Asymptotic theory of the Boltzmann equation. II, in J. A. Laurmann (ed.) Third Symposium on Rarefied Gas Dynamics, I, New York, Academic Press, 1963, pp. 26-59.

[MPF] D. S. Mitrinović, J. E. Pecarić, and A. M. Fink, Inequalities Involving Functions and Their Integrals and Derivatives, Kluwer Academic Publishers, Dordrecht, 1991.

[GMP] W. Greenberg, C. van der Mee, V. Protopopescu, Boundary Value Problems in Abstract Kinetic Theory, Birkhäuser Verlag, Basel, 1987.

[MAR] R. H. Martin, Nonlinear Operators and Differential Equations in Banach spaces, John Wiley & Sons, New York, 1976.

[BGPS] C. Bardos, F. Golse, B. Perthame, and R. Sentis, The nonaccretive Radiative Transfer Equations: Existence of Solutions and Rosseland Approximation, J. Functional Analysis, 77 (1988), pp. 434-460.

[CES] M. Cessenat, Theoreme de trace pour des espaces de fonctions de la neutronique, C. R. Acad. Sci. Paris, 300(1) (1985), 89-92.

[CHA] S. Chandrasekhar, Radiative Transfer. New York: Dover Publications, 1960 [MIL] E .A. Milne (1926) The diffusion of imprisoned radiation through a gas. J. London Math. Soc., 1: 40 (1926) [RSM] A. Rossani, G. Spiga and R. Monaco (1997) Kinetic approach for two–level atoms interacting with monochromatic photons, Mech. Research Comm., 24: 237.

[MPR] R. Monaco, J. Polewczak, A. Rossani (1997) Kinetic theory of atoms and photons: Moment equations and their application to the Milne–Chandrasekhar problem, submitted to ZAMP.

[VLA] V. S. Vladimirov, Mathematical Problems of the uniform-speed theory of transport, (Russian) Trudy Mat. Inst. Steklov.

61: 158 (1961)

Roberto Monaco and Alberto Rossani Jacek Polewczak Dipartimento di Matematica Department of Mathematics Politecnico di Torino California State University Corso Duca degli Abruzzi 24 Northridge 10129 Torino, Italy CA 91330-8313, USA (e-mail: MONACO@POLITO.IT) (e-mail:JACEK.POLEWCZAK@CSUN.EDU) (e-mail: ROSSANI@POLITO.IT)

APPENDIX Inelastic collision terms J^i_1 = � IR^3 � S gσ^{11}_{12} (g, χ)[f_1(v^′_+)f_1(w^′_+) − f_1(v)f_2(w)]dwdΘ^′ + + 2 � IR^3 � S U(g − ϵ)gσ^{12}_{11} (g, χ)[f_1(v^′_−)f_2(w^′_−) − f_1(v)f_1(w)]dwdΘ^′+ + � IR^3 � S U(g − ϵ)gσ^{22}_{12} (g, χ)[f_2(v^′_−)f_2(w^′_−) − f_1(v)f_2(w)]dwdΘ^′ ,

(A.1)

J^i_2 = � IR^3 � S gσ^{11}_{12} (g, χ)[f_1(v^′_+)f_1(w^′_+) − f_2(v)f_1(w)]dwdΘ^′+ + � IR^3 � S U(g − ϵ)gσ^{22}_{12} (g, χ)[f_2(v^′_−)f_2(w^′_−)) − f_2(v)f_1(w)]dwdΘ^′+ + 2 � IR^3 � S gσ^{12}_{22} (g, χ)[f_1(v^′_+)f_2(w^′_+) − f_2(v)f_2(w)]dwdΘ^′

(A.2)

where v^′_± = 1 2 (v + w + g_±Θ^′), w^′_± = 1 2 (v + w − g_±Θ^′), ϵ^2 = 4ΔE/m, g = |v − w|, Θ = (v − w)/g, g_± = � g^2 ± ϵ^2, cos χ = Θ · Θ^′, U being the Heaviside function. Note that v and w are the velocities of the colliding particles before interaction, whereas the prime indicates quantities after collision.

Moreover the following microreversibility relations link the inelastic cross–sections σ^{12}_{11} , σ^{11}_{12} and σ^{22}_{12} , σ^{12}_{22} (subscripts: incoming particles; superscripts: outcoming particles) g^2σ^{12}_{11} (g, χ) = U(g − ϵ)g^2_−σ^{11}_{12} (g_−, χ) g^2σ^{11}_{12} (g, χ) = g^2_+σ^{12}_{11} (g_+, χ) , g^2σ^{22}_{12} (g, χ) = U(g − ϵ)g^2_−σ^{12}_{22} (g_−, χ) g^2σ^{12}_{22} (g, χ) = g^2_+σ^{22}_{12} (g_+, χ) .

Radiation interaction terms J^r_1 = −J^r_2 = � S [f_2(v)(α + βI(Ω)) − f_1(v)βI(Ω)]dΩ . (A.3)

Elastic collision terms

J^e_k = 2� ℓ=1 � IR^3 � S gσ^e_{kℓ}(g, χ)[f_k(v^′)f_ℓ(w^′) − f_k(v)f_ℓ(w)]dwdΘ^′ (A.4)

σ^e_{kℓ} being the cross–section of the elastic k − ℓ interaction (σ^e_{12} = σ^e_{21}).

Note that in (A.1–A.4), for the sake of simplicity, t and x have been dropped from the arguments of f_k an I.