VALUATIONS ON TENSOR POWERS OF A DIVISION
ALGEBRA

PATRICK J. MORANDI AND B.A. SETHURAMAN

ABSTRACT. We study the following question in this paper: If p is
a prime, m a positive integer, and S = (s, ..., 1) an arbitrary se-
quence consisting of “Y”or “N”, does there exist a division algebra
of exponent p™ over a valued field (F,v) such that the underlying
division algebra of the tensor power D®P' has a valuation extend-
ing v if and only if s,,,—; = Y7 We show that if such an algebra
exists, then its index must be bounded below by a power of p
that depends on both m and S, and we then answer the question
affirmatively by constructing such an algebra of minimal index.

1. INTRODUCTION

Let (F,v) be a valued field and let D be a finite-dimensional F-
central division algebra. It is known that v may or may not extend
to D; moreover, the conditions under which v extends to D are well-
understood (see [3] and [5]). The following question however does not
seem to have been studied: Denoting by D" the underlying division
algebra of the tensor product )._, D, is there any connection between
whether v extends to D and whether v extends to D"? We may restrict
attention to division algebras whose exponent is p™ for some prime p
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and positive integer m (see Remark 3.6 below), and we may further re-
strict our attention to powers D" where r is of the form p° (see Corollary
2.2 below). Given D of exponent p™, we define the valuation sequence
of D to be the sequence (s, ..., s;), where s, _; =Y if DP' is valued,
and s,,_; = N otherwise. Our question now becomes the following:
If S=(sm,...,s1) is an arbitrary sequence consisting of “Y”or “N”,
does there exist a division algebra of exponent p™ over a valued field
(F,v) such that the valuation sequence of D is S7

We first show in this paper that if such a D exists, then its index
must be bounded below by a power of p that depends on both m and
S, and we then answer the question affirmatively by constructing a
division algebra with valuation sequence S having this minimal index.
Similar constructions of algebras of index higher than the minimum are
then easy generalizations of this construction (Remark 3.5).

Our field F' will be a rational function field over a field £ containing
all p"-th roots of unity w, (r =1,2,...), and our division algebras will
be symbol algebras (a,b;p",w,, F'); this is the algebra generated by
elements 7 and j, and subject to the relations

T et ) .. ..
ro=a, ¥ =0, ji=w,ij.

2. PRELIMINARIES

Let k be a field, let ay, ..., a, be elements of k (some or all a; possibly
equal to zero), and let xy,...,x, be a set of indeterminates over k.
We recall the definition of the (zq — a4, ..., x, — a,)-adic valuation on
k(xy,...,2,): If n = 1, then the (x; — a;)-adic valuation on k(xq)
is the discrete valuation corresponding to the height one prime ideal
(1 — aq) of k[zq]. For n > 1, the (z; — a4, ..., x, — a,)-adic valuation
on k(z1,...,x,) is the composite of the (x, — a,)-adic valuation on
k(xy,...,2p_1)(xy,) with the (z; —aq,...,2,-1 — a,_1)-adic valuation
on the residue field k(xq,...,2,_1). The residue field of this valuation
is k£ while its value group is Z" ordered anti-lexicographically.

We also recall that if (F,v) is a valued field and if z,...,z, are a
set of indeterminates over F', then there is a natural extension v of v to
the function field F'(z,...,z,), defined on polynomials f(x1,...,x,)
by setting 9(f) to be the minimum of the values of the coefficients of
f, and extended to the whole field by o(f/g) = 0(f) — 9(g). We will

refer to this extension as the standard extension of v to F(x1,...,x,).
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The value group of v is the same as that of v, while the residue field is
the function field in n variables over the residue F of F under v.

Given a field F with a fixed valuation v and given an F-central
division algebra D, we will say D is valued if v extends to D. If Fj,
is a Henselization of (F,v), we recall that D is valued if and only if
Dy, := D ®p F}, is a division algebra [3, Theorem 2] (and, although we
will not need this, if and only if v extends uniquely to every field K
with FF C K C D, see [5]).

Suppose that F', v, and D are as above, and that v extends to D. We
describe two extensions of (D, v) to D ®p F(x). Both are well-known
and can be directly verified. First, if © is the standard extension of v
to F'(z), then 0 extends to D ®p F(z) by the formula o(}(d; @ 2')) =
min;{v(d;)}. The value group of (D ®p F(x),0) equals that of (D, v),
while the residue is D ®% F(z), where D and F are, respectively, the
residues of (D,v) and (F,v). Next, if ¢ is the z-adic valuation on F'(z)
composed with the valuation v on F, then ¢ extends to D ®p F(x) by
the formula o(>"(d; ® x%)) = min;{v(d;),i}: here, the value group of
(D ®@p F(x),0) is I'p X Z ordered anti-lexicographically, where I'p is
the value group of (D, v). The residue is simply D.

We denote by ind(D) and exp(D) the index and exponent of a divi-
sion algebra D.

Lemma 2.1. Let (F,v) be a valued field and let D be an F-central
division algebra of exponent r. If i is an integer with ged(i,r) = 1,
then D is valued if and only if D' is valued.

Proof. We recall that if ged(i,7) = 1, then ind(D) = ind(D?). Fur-
thermore, (Dy,)" is the underlying division algebra of D' ®p Fj, and i
is also relatively prime to the exponent of D,. Thus, if D is valued,
ind(D) = ind(Dy,), so

ind(D") = ind(D) = ind(Dy,) = ind((Dy)") = ind(D" @ F},).

Hence D' ®p F}, is a division algebra, so D? is valued. The converse
is clear since D = (D*)? for some j with ged(j,7) = 1; this is a conse-
quence of the equation ged(i,r) = 1. O

We get the following immediately, which shows that while consider-
ing p-primary algebras, where p is a prime, we may restrict our question
to the powers DP":
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Corollary 2.2. Let p be a prime, and suppose that exp(D) = p™. If
i,J are positwe integers such that j is not divisible by p, then Div" s
valued if and only if DP" is valued.

From now on, p will denote a fized prime.

We next determine the minimal index of a p-primary division algebra
having a valuation sequence S = (s, ...,51). If s = N and s; 1 =Y
for some i, we will refer to the pair (s;,s;_1) as an NY subpattern of S
(a similar definition applies to YN subpatterns.). Recall that if D is a
p-primary division algebra which is not split, then ind(D) > pind(DP)
([1, p.76, Lemma 7]).

Proposition 2.3. Let S = (s, ...,s1) be a sequence of Y'’s and N's,
and let & be the number of NY subpatterns of S. If D is a p-primary
division algebra with valuation sequence S, then ind(D) > p™*+?,

Proof. We prove this by induction on §. The case 6 = 0 is obvious.
Suppose the result holds for all sequences with at most 6 — 1 NY
subpatterns. Since the given valuation sequence contains exactly 6 NY
subpatterns, we may write the pattern in the form --- NY --- = ... NT,
where T is a sequence whose left-most term is Y and which has exactly
0 — 1 NY subpatterns. Let s be the length of 7. Then T is the
valuation sequence of DP" " so by induction, ind(DP"" ") > p*+o-L,
Let E = DP" """, Then, since F has a pattern NY -, the algebra E
is not valued, while EP = DP" " is valued. Thus, we see that ind(E) >
ind(E}) while ind(E?) = ind(E}). Since ind(E),) > pind(EY}), as Ej, is
not split, we have

ind(E) > ind(Ej,) > pind(EY) = pind(EP) = pind(DP""") > p**,

so ind(E) > p**'*°. Finally, by repeated applications of [1, p.76,
Lemma 7], we have ind(D) > p™ 5 1ind(D?" ") = p™ 5~ ind(E)) >

pm7871p8+1+(5 — peré7 as desired. ]

We refer to p™*? as the minimal index of an algebra with valuation
sequence S.
The following easy result will be useful in our construction.

Lemma 2.4. Let F be a field containing a primitive p™™'-th root of
unity w, and let v be a valuation on F such that the characteristic of the
residue field F' does not equal p. Let D = (a, 3;p", wP, F), and write
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DY? for the algebra (o, B;p"* ', w, F). Suppose that D is a division
algebra.
Then,

(1) The algebra DY? is a division algebra.

(2) If D is valued with respect to v, then DY? s valued with respect
to v.

(3) If B = cPu for some ¢ € F* and 1-unit u, then both D and D'/?

are not valued with respect to v.

Proof. Since (DY?)? = D, we find ind(D*?) > pind(D). Since D is
a division algebra, ind(D)) = p" and so ind(D?) > p"*'. It follows
that D'/? is a division algebra. For (2) we work over the Henselization:
If D is valued, then Dj, := D ®p F}, is a division algebra, so (1) shows
that (D'?), is a division algebra, hence D'? is valued. To prove
(3), we note that because of the assumption about the characteristic
of F, every l-unit is a p’-th power in F, for any r. Hence D) =
(a, P p WP F) ~ (oz7c;p"_1,wp2,Fh), so ind(Dy) < p"! and Dy, is
therefore not a division algebra. Similarly, (D'/?), is not a division
algebra. Thus, both D and D'? are not valued. U

3. THE CONSTRUCTION FOR MINIMAL INDEX

In this section we construct, given a sequence S = (S, ..., s1) with &
NY subpatterns, a valued field (F,v) and an F-central division algebra
D of exponent p™ and minimal index p™*° having valuation sequence
S. We introduce the following notation. Let k& be a field containing

primitive p’-th roots of unity w; for each i = 1,2,..., chosen so that
W = w;_q for all i > 2. For any i > 1, we denote by S; the subsequence
(Siy-..,81). Furthermore, we let 0; be the number of NY subpatterns in

the subsequence S;: thus d; = 0 automatically, and 6 = 9,, is the total
number of NY subpatterns in S. Set n; =i+ d;, and n = n,,, = m—+9.
Our example will then have index p”. In addition, we let 7; be the
number of YN subpatterns in the subsequence S;: so again, 73 = 0
automatically, and v = ~,, is the total number of YN subpatterns in
S.

We define our division algebra inductively as follows: We let Fjy =
k(y), where y is an indeterminate, and let vy be the trivial valuation
on Fy. We also let Dy = Fy. We let F} = Fy(z), where x is a new
indeterminate and we let v; be the z-adic valuation on F}: note that vy
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restricts to vy on Fy. If s1 =Y we let Dy be the algebra (y, z; p, w1, F),
and if s; = N, we let D; be the algebra (y, 1 + x; p,wy, F1).

It is standard that in either case D, is a division algebra: for instance
in both cases, D; is nicely semiramified (NSR) with respect to the y-
adic valuation on Fj (viewed as the function field in y over k(z); see
2, Ex. 4.3] for NSR algebras). In the first case, D; is also NSR with
respect to the z-adic valuation on Fj (so v; extends to D). However,
in the second case, the z-adic valuation does not extend to D as 1 +x
is a 1-unit, by Lemma 2.4 above. Thus, D; has the valuation sequence
S1 = (s1) with respect to the valuation v; on Fj. Finally, note that
DY = F) = Dy ®p, Fi.

Now assume that for some i > 2, we have inductively constructed
a valued field (F;_1,v;_1) that is a purely transcendental extension of
F;_5 such that v;_; restricts to v;_s on F;_5. Assume, too, that we have
constructed a symbol algebra D; 1 = (y,a;—1;p™ ", wn, ,, Fi—1) with
center F;_; which is a division algebra (and hence of index p™-1), and
assume that if s;_; = N, the slot a;_; is of the form a p-th power times
a 1-unit with respect to v;_;. Assume that DY | = D; 2 ®p,_, F;_1, and
finally, assume that D; ; has the valuation sequence S;_; with respect
to v;_1. Recalling the definition of D, / " from the statement of Lemma
2.4, we define F}, v;, and D; as follows:

Case 1: (s4,8i-1) = (YY) or (s4,8.-1) = (N,N). (Note that §; =
di—1, Vi = Vi1, and n; = n;_1+1.) We define F; = F,_1, v; = v;_1, and
D; = D%,

Case 2: (si,8i-1) = (Y, N). (Note that §; = ;_1, 7 = Vi1 + 1, and
n; =ni_1+1.) Welet Z,, = {2y, 0, 2,1, -, %y, pmi-1_1} be a new set of
indeterminates, and we define F; = F;,_1(Z,,). We define v; to be the
standard extension of v;_; to F;. We let u,, be the norm from Fj(«a) to
F; of the element z,, o+ 2y, 10+ + 2, ni
written « for »"7{/y. We define D; to be Dilﬁ QF_, (Y, Uy P, Wy, F).

Case 3: (s4,8i-1) = (N,Y). (Note that 6; = 0;—1 + 1, 7 = 7vi_1,
and n; = n;_y +2.) We let W5, = {ws, 0, ws,1,-..,Ws, ,mi-1_1} be a
new set of indeterminates, and we define F; = F,_1(Ws,). We define
v; to be the composite of the (ws, 1, ..., ws, »-1_1)-adic valuation on
F,_1(ws, o) composed with the standard extension of v;_; to F;_1(ws, o).
We let t5, be the norm from Fj(«) to F; of the element ws, o + ws, 1cv +

n;—1_
“1 40P 71 where we have
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cetws, gm0 1 where we have written a for »"7\/y. We define
1 .
D; to be Diﬁ Qp_, (Y, ts,; P, wn,, Fi).
We are now in a position to prove the main theorem of this paper.

Theorem 3.1. The algebra D; defined above is isomorphic to the sym-
bol algebra (y, a;;wp,,p™, F;) for suitable a; € F;, where a; is of the
form a p-th power times a 1-unit with respect to v; in the case where
s; = N. D; is a division algebra (and is hence of index p™) and sat-
isfies DY = D;_1 ®p,_, F;. Moreover, D; has the valuation sequence S;
with respect to the valuation v; on F;. In particular, D,, is a division
algebra with exponent p™ and valuation sequence S with respect to the

valuation v,, on F,,, and has (minimal) index p™*+°.

Proof. Since D;_; is of the form (y,a;—1;p™ ", wn,_,, Fi—1), D;ﬁ ®F_,

F; is the algebra (y,a;_1;p™ " wy, 11, F;). In Case 1 above, since
n;_1 + 1 = n; we find, on taking a; = a;_1, that D; is indeed the
symbol algebra (y, a;; p™,wy,, F;). In Case 2 as well, n;_y + 1 = n,,
SO Dilf]i ®p,_, F; is the symbol algebra (y, a;—1;p™,wy,, F;). Coupling
this with the other factor using standard symbol algebra relations, we
find D; is the symbol algebra (y, a;,—1u.,;p™,wy,, F;). We may hence
take a; = a,—1u,, and D; will be in the form described in the statement
of the theorem. Finally, in Case 3, n;_1 + 2 = n;, so Dilﬁ ®p,_, Fiis
the algebra (y,a;_1;p" ', wn,_1, F;). But by standard symbol algebra
relations, this is the algebra (y, a?_;p", wy,, F;). Asin Case 2, coupling
this with the other factor and taking a; = a}_;t5,, we find D; to be in
the form described in the statement.

In the case where (s;,s;_1) = (N, N), it is clear from the definition
of D;, the inductive assumption about a;_;, and the fact that v; =
v;_1, that a; is a p-th power times a 1-unit with respect to v;. In
the case (si,s,-1) = (N,Y), note that a; = a_;ts5,. The element ¢,
can be factored as wg’:f)—l times something of the form 1 plus terms
involving (ws,1/ws,0), - -, (Ws, pni-1_1/Ws,0). Since v; in this case has
been chosen so that ws, o has value 0 while all of ws, 1,...,ws, yni-1_4
have positive value, a; is indeed a p-th power times a 1-unit with respect
to v;.

It is clear that DY = D; 1 ®p,_, F; in Case 1. Note that the new fac-
tors (Y, ty,; p™, wy,, F;) in Case 2 and (y, ts,; p™, wy,, Fi) in Case 3 both
have exponent p, since their p-th powers are (y,u.,;p™ ' wp,—1, F})
and (y,t5,; p" ', wn,—1, F;) respectively, and since both u., and ¢s5, have
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been chosen to be norms from the field F;( »""\/y) to F;. Since the p-th
power of these factors are split, it is clear in both these cases as well
that DY = D, 1 ®p,_, F;.

We now wish to prove that D; is a division algebra. By Lemma 2.4
above, we only need to consider Cases 2 and 3 above. Let K be the
function field of the Severi-Brauer variety of Di1 / ", which is a generic
splitting field of DZ-1 / ". Then K is a regular extension of F;_;, and
K -F,=K(Z,) in Case 2 and K - F; = K(W;,) in Case 3. Writing L
for K - F;, it is sufficient to prove that D; ®p, L is a division algebra.
Observe that D; ®p, L is isomorphic to (y, u.,; p™, wy,, L) in Case 2 and
to (y,ts,; p™,wn,, L) in Case 3. Note that since K is a regular extension
of Fi_y, y will not be a p-th power in K and the extension L( »{/y)/L
has degree p™ for all m. The proof D; is a division algebra in both
Case 2 and Case 3 now follows from:

Proposition 3.2. Let L be a field containing a primitive p™-th root of
unity wy, for all m, and let y € L be such that y is not a p-th power
in L. For a fixed m, let L(U) be the field obtained by adjoining the
new indeterminates U = {ug, u1, ..., upm-1_1} to L. Let u be the norm
from L(U)(a) to L(U) of the element ug + uja+ - - - + tiym—1 1™ 1
where we have written o for »"~\/y. Then the symbol algebra A =
(y, w; P, win, L(U)) is a division algebra of index p™ and exponent p.

Proof. 1t is known that there exist division algebras of index p™ and
exponent p of the form F = (y, b;p™, wy,, L') with center some field L’
that is purely transcendental over L and linearly disjoint over L from
L(U). (For instance, one may add a new set of indeterminates over L
and consider the algebras in [4]. Note that while y was assumed in [4]
to be transcendental over a subfield of L that contains sufficient roots of
unity, this was not really necessary—the proofs in that paper go through
as long as y is not assumed to be a p-th power, so that the extension
L(#\/y)/L has degree p™ for all m.) It is sufficient to prove that
A= AR L' (U) = (y,w; p™, wm, L' (U)) is a division algebra. Since £
is of exponent p, E? ~ (y,b;p™ ', w1, L) is split, so b is a norm from
L'() to L' of some element by+bya+---4bym-1_10”" ' ~1 where a is as
in the statement of the theorem, and the b; are in L'. We now consider
the (ug — bo,u1 — by, ..., upm-1_1 — bym-1_1)-adic valuation on L'(U),
with valuation ring, say, W. With respect to this valuation, y and
are units and @ = b, so the W-order (y, u; p™, w,,, W) is an Azumaya
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algebra with residue (y, b; ™, wpm, L), which is a division algebra by
assumption. By [2, Ex. 2.4(i), Prop. 2.5], A’ is a division algebra, and
hence of index p™. Since AP = (y,u;p™ *, wy_1, L(U)) and since u is
a norm from L( »"7/y) to L(y), AP is split, so A is of exponent p. [

Continuing with the proof of Theorem 3.1, it remains to be shown
that D; has the valuation sequence S; with respect to the valuation
v;. We first show that D; is valued with respect to v; iff s; = Y. For,
if s; = N, then we have already seen that the slot a; must be a p-th
power times a 1-unit, and Lemma 2.4 then shows that D, is not valued.
For the other direction, if s; =Y and s;_; = Y, then Lemma 2.4 shows
that D, is indeed valued. We are thus left with the (s;,s;—1) = (Y, N)
situation. We have the following:

Lemma 3.3. Let z =x if sy =Y and 2z =1+ x if sy = N. Then,
each a; is a product of suitable p-primary powers of the polynomials z,
UL, ..., Uy, and ty, ..., ts,. In particular, a; can be written as 3 times a
1-unit with respect to the valuation v;, where (3 is a product of suitable
p-primary powers of the polynomials z, uy, ..., u,, and the monomials
Wi, ..., Ws; 0 (with the understanding that if s; = N, then  does not
contain z as a factor.) In the case (s;,s;-1) = (Y, N), the extension
(Fi)n( n/ai—1) of the Henselization (F}), with respect to v; has residue

which is contained in the field E( »y/uy, ..., »/iy,_, ®/Wi0;.-., »/Ws_10)
where E = k(y)(Z1,...,2Z,,)(w10,...,Ws 4 0)-

Proof. That a; is a product of suitable p-primary powers of the polyno-
mials z, Uy, ..., U, and ¢y, ..., 15 is clear from the recursive definition
of the algebras D;. (It may be helpful to observe that for a given & > 0,
the factor u; appears in a if there exists a j < ¢ for which ~; = k. Sim-
ilar considerations apply for the factors #;.) As noted above, each s,

can be rewritten as wgzgl times a 1-unit, and collecting all such 1-units
together, we find that a; can indeed be factored as 3 times a 1-unit with
B as described. (Note that if sy = N, then z = 1+ z, which is a 1-unit
and can be coupled with the other 1-units, so 3 does not contain z as
a factor if s; = N.)

To determine the residue of the field (F;)( »/a;_1) in the case (s, 5;-1) =
(Y, N), note that F; = k(y)(z)(Z1,...,2Z,,)(Wh,...,Ws, ,). The valua-
tion v; may be described as the (z, w1, ... ,w&il’pni,qul)-adic valua-
tion on F} = k(y)(z) (w1, ..., ws, ,0) extended in the standard manner
to the purely transcendental extension F;/F!. The factor § in a;_ is
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a product of p-primary powers of 2, uj,...,u,, ,, and the monomials
w10, - .., Ws, 0 (With the understanding that z does not appear in (3 if
s1 = N). Also note that (F}),(»/a;,_1) = (F;)n( »/B) as every l-unit
is a p-th power. The factors of 3 described above show that

(E)h( pW) g (E)h( p%a pW? ey p\n/ u’yiflv p\n/ w51707 SR p\n/ w(;i,l,())
if sy =Y, and

(Fl)h( pW) - <Fl>h< p:/u_lv R p\/n Uy 15 pnv Wey,05 -+« - pn\/ wéifl’o)

if s1 = N. The extension (F;),(»/x)/(F;)y is totally ramified in the
s1 =Y case, while all other p"-th root extensions are merely lifts of the
corresponding p”-th root extensions over the residue. It follows that
the residue of (F}), is contained in the field described in the statement
of the lemma. O

To show that D; is valued, it is sufficient to show that D, remains a
division algebra over (Fj),( »/a;—1). But over that field, D; is just the
symbol algebra (y, u,; p", wn,, (Fi)n( n/ai—1)). If W is the valuation
ring of (F;)x( »/a;—1), then D; contains the W order (y, u.,; p"*, wy,, W),
which is an Azumaya algebra with residue (y, u.,; p™,wy,, W), where
we have written W for the residue of (F}),(#»/a,—1). If this residue
algebra is a division algebra, then [2, Ex. 2.4(i), Prop. 2.5 would
show that (y,wu,; p",wn,, (Fi)n( »/a;—1)) is a division algebra. Since
W C L=E(n/ui,..., Wty _,, n/Ws0, -, "/Ws_,0) by Lemma 3.3
above, it is sufficient to show that (y, u,,; p™,wy,, L) remains a division
algebra.

Recall that E = k(y)(Z1,. .., Zy) (w10, ..., ws;_,0) = E'(Z,,), where
E =k(y)(Z1,...,Zy )(wig,...,ws,_,0). Notethateachu; (j <i—1)
is irreducible in the polynomial ring kly, Z1, ..., Z,, ,, w10, .-, Ws_,0l;
this can be seen, for example, by the fact that after adjoining »"/ 7\1/@
the polynomial w; factors into polynomials that are linear in the Z
variables, and that the Galois group of the extension acts transitively
on these linear factors (permuting them cyclically). It now follows from
Kummer theory that y is not a p-th power in L' = E'( »/us, ..., #/uy,_,
/Ws, 05+ -+ n/Ws,_y0)- Since L = L'(Z,,), Proposition 3.2 now shows
that (v, u,,; p™, wy,, L) is a division algebra, and tracing our arguments
back, we find that D; remains a division algebra over (F;)n( »\/a;—1),
and hence that D; is valued with respect to v;.
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To show that D; has the valuation sequence S;, now that we have
shown that D; is valued iff s; = Y, we use the fact that D = D, 1 ®pF, |
F;. By induction, D; ; has the valuation sequence S;_; with respect
to the valuation v;_; on F;_;. We wish to show that D, ; ®p,_, F; also
has the valuation sequence S;,_; with respect to the valuation v; on Fj.
In Case 1 above this is clear since F;_; = F; and v;,_; = v;. For the
other two cases, the result follows from:

Lemma 3.4. Let F; 1 be as in Cases 2 or 3 above, and let E be any
division algebra with center Fi_y. Then E is valued with respect to v;—
iof and only if E = E ®p,_, F; is valued with respect to v;.

Proof. Note that F; is a transcendental extension of F;_i, so E will
be a division algebra. Note too that v; restricts to Vi—1 on F_. If
E is valued with respect to v;, then the valuation on E restricts to a
valuation on the subalgebra F, and then this valuation on F restricted
to F;_; must be the same as the valuation v; on F; restricted to Fj;_;.
By hypothesis, this is just v;_1, so indeed E is valued with respect to

Vi_q-
The other direction follows from the remarks preceding Lemma 2.1.
O

The last statement of the theorem is now clear, and D,,, is our desired
algebra, with center the valued field (F,,, vy,). O

Remark 3.5. To get an algebra of index higher than the minimum
but exhibiting the same valuation sequence, we may simply tensor
the algebra D,, defined above over F;, with as many degree p sym-
bols of the form (&, n;; p, w1, Frn({&i,m:})) as necessary to increase the
final index—here, the & and 7; are new indeterminates. The final
valuation v, would be defined as the (...,&,n;,...)-adic valuation
on F,,({&,n:}) composed with the valuation v, above on F,,. The
proof that this new algebra has the valuation sequence S is easy,
and follows from the fact that the algebra D,, above has this prop-
erty and that the (..., &,n;,...)-adic valuation on F,,,({&;,n;}) extends
to a totally ramified valuation on the tensor product of the symbols
(&, mi; pywr, Fn({&,mi})), along with an application of [3, Theorem 1].

Remark 3.6. We consider the situation for index not a prime power.
Suppose that D has index p{* ---p", and that D = Dy Qp -+ ®p D,
with ind(D;) = p}'". It is an easy consequence of [3, Cor. 4] that D is
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valued if and only if each D; is valued. Furthermore, for any s, we have
D® = D} ®p --- @ D;. We may thus restrict ourselves to algebras of
prime power index.
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